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h?2 �K2`B+�M hBK2 lb2 am`p2v U�hlaV �++m`�i2Hv K2�bm`2b ?Qm`b rQ`F2/ QM � bBM;H2 /�vX q2

T`QTQb2 b2p2`�H 2biBK�iQ`b Q7 2H�biB+BiB2b Q7 r22FHv H�#Q` bmTTHv BM � HBM2�` `2;`2bbBQM KQ/2H- /2bTBi2

+2`i�BM BKTQbbB#BHBiv `2bmHib /m2 iQ i?2 iBK2 bT2+B}+ 72�im`2 Q7 i?2 �hlaX q2 `2+QKK2M/ i?2 BKTmi2

2biBK�iQ`- � bBKTH2 KQ/B}+�iBQM Q7 i?2 bi�M/�`/ irQ bi�;2 H2�bi b[m�`2b 2biBK�iQ`- i?�i BKTmi2b i?2

/2T2M/2Mi p�`B�#H2 mbBM; /�BHv bm#b�KTH2b- #�b2/ QM Qm` +�`27mH BMp2biB;�iBQM Q7 �bvKTiQiB+ �M/ }MBi2

b�KTH2 T`QT2`iB2b Q7 i?2 2biBK�iQ`b mM/2` i?2 TQi2MiB�H Qmi+QK2 7`�K2rQ`FX q2 �TTHv i?2 BKTmi2

2biBK�iQ` iQ i?2 �hla �M/ }M/ bm#bi�MiB�HHv /Bz2`2Mi 2H�biB+Biv 2biBK�i2b 7`QK i?2 *m``2Mi SQTmH�iBQM

am`p2v- 2bT2+B�HHv 7Q` K�``B2/ rQK2MX

E2vrQ`/b, H�#Q` bmTTHv- iBK2 mb2 bm`p2vb- BKTmi2 2biBK�iQ`- `2H�iBp2 �bvKTiQiB+ 2{+B2M+v- bm`p2v K2i?Q/b
�+FMQrH2/;K2Mib aT2+B�H i?�MFb ;Q iQ _Q#2`i qX 6�B`HB2 �M/ �`i?m` aiQM2- rBi?Qmi r?Qb2 2M+Qm`�;2K2Mi �M/ BMbB;?ib

i?2`2 +QmH/ MQi ?�p2 #22M bm+? � T�T2`X *QKK2Mib �M/ bm;;2biBQMb 7`QK i?2 +Q@2/BiQ` 1/r�`/ CX oviH�+BH �M/ i?`22 �MQMvKQmb

`272`22b ?2HT2/ BKT`Qp2 i?2 T�T2` bB;MB}+�MiHvX h?2 �mi?Q`b i?�MF C��T �##`BM;- CQb2T? �HiQMDB- JQb?2 "m+?BMbFv- *QHBM

*�K2`QM- a+Qii *�``2HH- Cm�M JQ`2MQ *`mx- CmHB2 "2``v *mHH2M- *�`HQb .Q#FBM- .�MB2H :miFM2+?i- CBMvQM; >�?M- w?BT2M;

GB�Q- �m/`2v GB;?i- C2bb2 J�i?2bQM- _Qb� J�ixFBM- J�m`BxBQ J�xxQ++Q- E�i?H22M J+:�``v- q?BiM2v L2r2v- _Q/`B;Q SBMiQ-

:22`i _B//2`- �M/ .�pB/ _QDQ �`DQM� 7Q` ?2HT7mH /Bb+mbbBQMX S�`iB+BT�Mib Q7 b2KBM�`b �i l*G�- l* A`pBM2- l* _Bp2`bB/2-

lMBp2`bBiv Q7 G2B+2bi2`- hBH#m`; lMBp2`bBiv- aQmi?2`M J2i?Q/Bbi lMBp2`bBiv- *�M�/B�M 1+QMQKB+b �bbQ+B�iBQM kyRN �MMm�H

J22iBM;- 1+QMQK2i`B+ aQ+B2iv kyRN �bB�M J22iBM;- �M/ JB/r2bi 1+QMQK2i`B+b :`QmT kyRN �MMm�H J22iBM; �HbQ ?2HT2/ iQ

BKT`Qp2 i?2 T�T2`X �HH `2K�BMBM; 2``Q`b �`2 i?2 �mi?Q`bǶX

»1K�BH, ++?Qm!H2X�+XmFX
Þ*Q``2bTQM/BM; �mi?Q`X �//`2bb, jRje aT`QmH >�HH- Nyy lMBp2`bBiv �p2Mm2- _Bp2`bB/2- *� Nk8kRX h2H, YR@N8R@3kd@R9N9X 1K�BH,

`mQv�QXb?B!m+`X2/mX h?2 �mi?Q`b /Q MQi ?�p2 +QM~B+ib Q7 BMi2`2bi iQ /2+H�`2X

R
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R AMi`Q/m+iBQM

1KTB`B+�H bim/B2b Q7 H�#Q` bmTTHv /2T2M/ ;`2�iHv mTQM /�i� QM ?Qr Km+? iBK2 T2QTH2 bT2M/ rQ`FBM;X lM@

7Q`imM�i2Hv- i?2`2 Bb �#mM/�Mi 2pB/2M+2 b?QrBM; i?�i r22FHv ?Qm`b rQ`F2/ �`2 TQQ`Hv K2�bm`2/ BM 7`2[m2MiHv

mb2/ bm`p2v /�i� b2ib bm+? �b i?2 *m``2Mi SQTmH�iBQM am`p2v U*SaV �M/ i?2 S�M2H aim/v Q7 AM+QK2 .vM�KB+b

USaA.V- �M/ i?�i i?2 K2�bm`2K2Mi 2``Q` Bb MQM+H�bbB+�H U2X;X- "QmM/ 2i �HX- RN3N- kyyRV- r?B+? bB;MB}+�MiHv

#B�b2b i?2 2biBK�iBQM Q7 H�#Q` bmTTHv T�`�K2i2`b U"�``2ii �M/ >�K2`K2b?- kyRNVX �BKBM; iQ K2�bm`2 ?Qr

T2QTH2 �HHQ+�i2 i?2B` iBK2 QM K�`F2i rQ`F �M/ MQM@K�`F2i �+iBpBiB2b KQ`2 �++m`�i2Hv- K�Mv +QmMi`B2b ?�p2

?BbiQ`B+�H Q` QM;QBM; iBK2 mb2 bm`p2vbXR hBK2 mb2 bm`p2vb ivTB+�HHv �bF i?2 `2bTQM/2Mib iQ `2+Q`/ �HH i?2B`

�+iBpBiB2b /m`BM; � T`2b+`B#2/ T2`BQ/ BM i?2 7Q`K�i Q7 � /2i�BH2/ /B�`v- ?2M+2 T`QpB/2 Km+? KQ`2 �++m`�i2

K2�bm`2 Q7 ?Qr BM/BpB/m�Hb �HHQ+�i2 i?2B` iBK2 BM i?�i T2`BQ/ U2X;X- 6`�xBb �M/ ai2r�`i- kyRkc �;mB�` 2i �HX-

kyRdVXk

h?2 K�DQ` +QM+2Tim�H Bbbm2 BM /2THQvBM; iBK2 mb2 bm`p2vb iQ K2�bm`2 H�#Q` bmTTHv Bb i?�i iBK2 mb2 bm`p2vb

ivTB+�HHv T`QpB/2 BM7Q`K�iBQM �#Qmi H�#Q` bmTTHv 7Q` QMHv � 72r /�vb Q7 � r22F- #mi QM i?2 +QMi`�`v i?2 *Sa

+QM+2`Mb �M 2MiB`2 r22FX 6Q` 2t�KTH2- i?2 �K2`B+�M hBK2 lb2 am`p2v U�hlaV `2+Q`/b QM2 bBM;H2 /�v 7Q`

2�+? `2bTQM/2Mi- r?BH2 i?2 �mbi`�HB�M �M/ i?2 lE iBK2 mb2 bm`p2vb +m``2MiHv `2+Q`/ irQ /�vbX hQ i?2 #2bi

Q7 Qm` FMQrH2/;2- i?2 QMHv 2t+2TiBQM Bb i?2 .mi+? hBK2 lb2 am`p2v U.hlaV-j BM r?B+? `2bTQM/2Mib `2+Q`/

i?2B` �+iBpBiB2b 7Q` b2p2M +QMb2+miBp2 /�vbX A7 r2 �`2 BMi2`2bi2/ BM r22FHv H�#Q` bmTTHv- i?2M B/2�HHv r2 M22/

iQ Q#b2`p2 ivTB+�H r22FHv ?Qm`b rQ`F2/X h?2 bBM;H2 /�v Q#b2`p2/ BM i?2 �hla- �H#2Bi `�M/QKHv b�KTH2/-

+`2�i2b � KBbbBM; /�i� T`Q#H2KX9 AM i?Bb T�T2`- r2 rBHH mb2 i?2 i2`K +QBM2/ #v "�``2ii �M/ >�K2`K2b?

UkyRNV �M/ `272` iQ i?Bb T`Q#H2K �b ǳiBK2 bT2+B}+BivǴX 6`�xBb �M/ ai2r�`i UkyRkV r2`2 i?2 }`bi iQ BMp2biB;�i2

i?2 +QMb2[m2M+2b Q7 iBK2 bT2+B}+Biv T`Q#H2KX AM T�`iB+mH�`- i?2v ;�p2 � bm{+B2Mi +QM/BiBQM U2[X URV Q7 6`�xBb

�M/ ai2r�`i- kyRkV 7Q` r22FHv bi�iBbiB+b �#Qmi r?B+? BM72`2M+2 +QmH/ #2 K�/2 mbBM; iBK2 mb2 bm`p2v /�i�

U2X;X- K2�M Q7 r22FHv ?Qm`bVX8 h?2v 7m`i?2` TQBMi2/ Qmi i?�i r22FHv `2;`2bbBQM 7mM+iBQMb +�M #2 2biBK�i2/

mbBM; iBK2 mb2 bm`p2v /�i� bBM+2 i?2v �`2 +QM/BiBQM�H K2�M 7mM+iBQMbXe hQ }t B/2�b- r2 rBHH mb2 i?2 r22FHv

H�#Q` bmTTHv �b � H2�/BM; 2t�KTH2 BM i?2 `2bi Q7 i?Bb T�T2`- �M/ rBHH 7Q+mb QM i?2 �hla- BM r?B+? `2bTQM/2Mib

`2+Q`/ i?2B` iBK2 mb2 QM QM2 `�M/QKHv +?Qb2M /�vX
Rh?2b2 +QmMi`B2b BM+Hm/2 �mbi`�HB�- *�M�/�- *?BM�- C�T�M- L2r w2�H�M/- S�FBbi�M- _mbbB�- i?2 la� �M/ KQbi 1m`QT2�M

+QmMi`B2bX
k6Q` � `2pB2r Q7 iBK2 mb2 bm`p2vb mb2/ 7Q` bim/B2b BM Qi?2` bm#}2H/b Q7 2+QMQKB+b- b22 �;mB�` 2i �HX UkyRkVX
jAM .mi+?- Bi Bb +�HH2/ >2i hBD/b#2bi2/BM;bQM/2`xQ2F- #mi BM i?Bb T�T2` r2 +�HH Bi i?2 .hla 7Q` i?2 +QMbBbi2M+v rBi? i?2

�hlaX
9h?2 ?Qm`b rQ`F2/ QM i?2 MQM@/B�`v /�vb �`2 KBbbBM; +QKTH2i2Hv �i `�M/QK �M/ 7QHHQr i?2 ǳ}H2@K�i+?BM;Ǵ T�ii2`M UGBiiH2

�M/ _m#BM- kyRNVX
86`�xBb �M/ ai2r�`i UkyRkV �HbQ ;�p2 K2/B�M �M/ p�`B�M+2 Q7 r22FHv ?Qm`b �b +QmMi2`2t�KTH2b i?�i /Q MQi b�iBb7v bm+?

+QM/BiBQMX
eh?2 b+QT2 Q7 6`�xBb �M/ ai2r�`i UkyRkVǶb T�T2` Bb rB/2` i?�M Qm`b Ĝ Bi +Qp2`b #Qi? +�b2b r?2`2 i?2 ?Qm`b rQ`F2/ �`2 i?2

/2T2M/2Mi p�`B�#H2 �M/ i?2 BM/2T2M/2Mi p�`B�#H2- �b r2HH �b Qi?2` Bbbm2b bm+? �b KmHiBTH2 �+iBpBiB2b- KmHiBTH2 /B�`v /�vb �M/
KmHiBTH2 K2K#2`b BM � ?Qmb2?QH/- 2i+X

k



h?2 K�BM +QMi`B#miBQMb Q7 i?Bb T�T2` �`2 irQ7QH/X J2i?Q/QHQ;B+�HHv- r2 T`QTQb2 b2p2`�H BMimBiBp2 �M/

2�bv@iQ@BKTH2K2Mi 2biBK�iQ`b i?�i miBHBx2 i?2 �hla /�BHv ?Qm`b rQ`F2/ iQ 2biBK�i2 � r22FHv H�#Q` bmTTHv

2[m�iBQM �M/ +�`27mHHv BMp2biB;�i2 i?2B` T`QT2`iB2bX q2 `2+QKK2M/ r?�i r2 M�K2 BKTmi2 2biBK�iQ` #�b2/

QM Bib bmT2`BQ` `2H�iBp2 �bvKTiQiB+ 2{+B2M+v �M/ }MBi2 b�KTH2 bi�#BHBivX AM i2`Kb Q7 2KTB`B+�H 2biBK�i2b Q7

r22FHv 2H�biB+BiB2b Q7 H�#Q` bmTTHv- r2 �TTHv Qm` BKTmi2 2biBK�iQ` iQ � b�KTH2 Q7 �K2`B+�M rQ`F2`b r?Q

T�`iB+BT�i2/ BM #Qi? i?2 �hla �M/ i?2 *Sa- mM+Qp2` KmHiBTH2 BMi2`2biBM; 2KTB`B+�H }M/BM;b- �M/ +QKT�`2

i?2b2 2biBK�i2b rBi? i?Qb2 Q#i�BM2/ 7`QK i?2 *SaX

Pm` `2+QKK2M/2/ BKTmi2 2biBK�iQ` ?�b i?2 7QHHQrBM; �/p�Mi�;2bX 6B`bi- Bi Bb 2�bv iQ BKTH2K2Mi Ĝ Bi Bb �

bBKTH2 KQ/B}+�iBQM Q7 i?2 bi�M/�`/ irQ bi�;2 H2�bi b[m�`2b UkaGaV 2biBK�iQ`- r?2`2 i?2 b�K2 BMbi`mK2Mi�H

p�`B�#H2b UAobV �`2 mb2/ iQ BKTmi2 i?2 UmMQ#b2`p2/V /2T2M/2Mi p�`B�#H2 rBi?BM /�BHv bm#b�KTH2b- �b r2HH �b

i?2 U2M/Q;2MQmbV BM/2T2M/2Mi p�`B�#H2b rBi? i?2 2MiB`2 b�KTH2X Ai 2bb2MiB�HHv K�i+?2b bBKBH�` BM/BpB/m�Hb

#�b2/ QM i?2 2tQ;2MQmb Aob QMHv- �M/ mb2b Q#b2`p2/ ?Qm`b Q7 K�i+?2/ BM/BpB/m�Hb �b BKTmi2/ ?Qm`b 7Q`

i?Qb2 r?Q r2`2 MQi bm`p2v2/ #v i?2 �hla QM � T�`iB+mH�` /�vXd a2+QM/- Bi Bb +QMbBbi2Mi �M/ �bvKTiQiB+�HHv

MQ`K�H mM/2` i?2 b�K2 +QM/BiBQMb �b B7 i?2 i`m2 r22FHv ?Qm`b rQ`F2/ r2`2 Q#b2`p2/X3 h?Bb T�T2` Bb i?2 }`bi iQ

bvbi2K�iB+�HHv BMp2biB;�i2 �bvKTiQiB+ �b r2HH �b }MBi2 b�KTH2 T`QT2`iB2b Q7 p�`BQmb 72�bB#H2 2biBK�iQ`b Q7 HBM2�`

`2;`2bbBQM KQ/2Hb mbBM; iBK2 mb2 bm`p2vbX Pm` �M�HvbBb Bb K�/2 2�bB2` �M/ KQ`2 i`�MbT�`2Mi #v 2KTHQvBM;

i?2 TQi2MiB�H Qmi+QK2 7`�K2rQ`FX h?B`/- i?2 BKTmi2 2biBK�iQ` Bb �HbQ �bvKTiQiB+�HHv KQ`2 2{+B2Mi �M/

MmK2`B+�HHv KQ`2 bi�#H2 BM bK�HH b�KTH2b- +QKT�`2/ iQ i?2 Qi?2` 2biBK�iQ`bX h?2b2 `2H�iBp2 K2`Bib Q7 i?2

BKTmi2 2biBK�iQ` K�v K�F2 � /Bz2`2M+2 BM bi�iBbiB+�H BM72`2M+2- bBM+2 iBK2 mb2 bm`p2vb �`2 +QbiHv iQ +QM/m+i

�M/ ?�p2 Km+? bK�HH2` b�KTH2 bBx2b i?�M i`�/BiBQM�H bm`p2vbX

AM �//BiBQM iQ i?2 i?2Q`v- r2 miBHBx2 i?2 .hla �b � p�Hm�#H2 #2M+?K�`F bBM+2 Bi +QMi�BMb �++m`�i2

/B�`v ?Qm`b 7Q` b2p2M +QMb2+miBp2 /�vbX q2 `�M/QKHv /`�r QM2 bBM;H2 /�v 7Q` 2�+? BM/BpB/m�H iQ BKBi�i2 i?2

�hlaX h?Bb �`iB}+B�H /�i� b2i T2`KBib /B`2+i +QKT�`BbQM �KQM; Qm` T`QTQb2/ 2biBK�iQ`b �M/ i?2 mbm�H kaGa

2biBK�iQ`- r?B+? Bb BM72�bB#H2 7Q` i?2 �hlaX h?`Qm;? i?Bb mMB[m2 �TT`Q�+?- r2 mM�K#B;mQmbHv /2KQMbi`�i2

i?2 bmT2`BQ`Biv Q7 Qm` BKTmi2 2biBK�iQ`X

1KTB`B+�HHv- r2 }M/ i?�i i?2 �hla vB2H/b bK�HH2` QrM r�;2 2H�biB+BiB2b i?�M i?2 *Sa �+`Qbb i?2 #Q�`/-

#mi i?2 ;�Tb p�`v �KQM; ;2M/2` �M/ K�`Bi�H ;`QmTbX JQ`2Qp2`- i?2 �hla BM/B+�i2b bK�HH2` bTQmb2 U+`QbbV

2�`MBM; 2H�biB+Biv i?�M i?2 *Sa 7Q` K�``B2/ rQK2M- #mi H�`;2` 7Q` K�``B2/ K2MX 6m`i?2`KQ`2- i?2 �hla

2t?B#Bib r2�F2` 2H�biB+Biv rBi? `2bT2+i iQ i?2 MmK#2` Q7 QH/2` FB/b i?�M i?2 *Sa 7Q` K�``B2/ rQK2M- 2p2M
d�;mB�` 2i �HX UkyRdVǶb ǳbvMi?2iB+ iBK2 /B�`vǴ �TT`Q�+? b?�`2b bBKBH�` bTB`BibX h?2v mb2/ #Qi? 2M/Q;2MQmb �M/ 2tQ;2MQmb

+Qp�`B�i2b iQ K�i+?- #mi r2 T`Qp2 i?�i i?2 +QMbBbi2M+v Q7 �HH i?2 2biBK�iQ`b /2K�M/b i?2 K�i+?BM; iQ #2 #�b2/ QMHv QM i?2
2tQ;2MQmb AobX

3A7 i?2 i`m2 r22FHv ?Qm`b rQ`F2/ r2`2 Q#b2`p2/ �M/ i?2 `2;`2bbQ`b U2X;X- r�;2V �`2 2M/Q;2MQmb- i?2M i?2 mbm�H kaGa 2biBK�iQ`
QMHv `2[mB`2b p�HB/ �M/ `2H2p�Mi Aob iQ #2 �p�BH�#H2X �b #2+QK2b +H2�` #2HQr- i?2 �`;mK2Mi ;2M2`�HBx2b i`BpB�HHv iQ Qi?2` iBK2
mb2 bm`p2vb 7Q` KQ`2 i?�M QM2 /�vX

j



i?Qm;? i?2 irQ bm`p2vb `2bmHi BM �HKQbi i?2 b�K2 2H�biB+Biv 2biBK�i2b rBi? `2bT2+i iQ i?2 MmK#2` Q7 vQmM;2`

FB/bX

1KTB`B+�H bim/B2b ?�p2 7QmM/ MQM+H�bbB+�H K2�bm`2K2Mi 2``Q`b BM K�Mv /2T2M/2Mi p�`B�#H2b U.mM+�M �M/

>BHH- RN38c "QmM/ 2i �HX- kyyRV BM+Hm/BM; H�#Q` bmTTHvX "mi BM i?2Q`2iB+�H 2+QMQK2i`B+b HBi2`�im`2- MQM+H�bbB+�H

K2�bm`2K2Mi 2``Q`b BM /2T2M/2Mi p�`B�#H2b ?�p2 /`�rM 7�` H2bb �ii2MiBQM i?�M BM/2T2M/2Mi p�`B�#H2b U2X;X-

>m �M/ a+?2MM�+?- kyy3c *?2M 2i �HX- kyy8c >m �M/ a�b�FB- kyR8- kyRdVX � MQi�#H2 2t+2TiBQM Bb �#`2p�v� �M/

>�mbK�M URNNNVX q?BH2 Qm` BKTmi2 2biBK�iQ` M�im`�HHv �++QKKQ/�i2b 2M/Q;2MQmb BM/2T2M/2Mi p�`B�#H2b

U2X;X- r�;2V- Bi Bb mM+H2�`- ?Qr2p2`- r?2i?2` �M/ ?Qr �#`2p�v� �M/ >�mbK�M URNNNVǶb 2biBK�iQ` +QmH/ #2

;2M2`�HBx2/ iQ i?Bb +�b2X

*QMi2KTH�iBp2 `2�/2`b K�v rQM/2`, r?�i Bb i?2 bB;MB}+�M+2 Q7 r22FHv H�#Q` bmTTHv\ q?v MQi 2biBK�i2

KQMi?Hv- [m�`i2`Hv- Q` v2�`Hv H�#Q` bmTTHv\ h?2 KQbi Q#pBQmb `2�bQM Bb i?�i i?2 *Sa `2+Q`/b r22FHv ?Qm`b-N

�M/ r2 M22/ iQ �;;`2;�i2 i?2 /�BHv BM7Q`K�iBQM BM i?2 �hla BM Q`/2` iQ +QKT�`2 rBi? i?2 *SaX "mi KQ`2

BKTQ`i�MiHv- QM+2 r2 #`B/;2 i?2 ;�T #2ir22M /�BHv ?Qm`b �M/ r22FHv ?Qm`b- i?2M ;QBM; 7`QK r22FHv ?Qm`b

iQ HQM;2` iBK2 7`�K2 7QHHQrb 2t�+iHv i?2 b�K2 HQ;B+X

6Q` �+iBpBiB2b `2+Q`/2/ BM i?2 �hla Qi?2` i?�M rQ`FBM; U2X;X- �;mB�` �M/ >m`bi- kyydc :m`v�M 2i �HX- kyy3c

�;mB�` 2i �HX- kyRdV- iBK2 bT2+B}+Biv T`Q#H2K `2K�BMbX hBK2 bT2+B}+Biv T`Q#H2K �HbQ T`2b2Mib Bib2H7 QmibB/2

iBK2 mb2 bm`p2vb- bm+? �b `2+�HH2/ 7QQ/ 2tT2M/Bim`2 /�i� U�?K2/ 2i �HX- kyyec aQmb�- kyR9c "`xQxQrbFB 2i �HX-

kyRdV p2`bmb i?2 /B�`v bvbi2K mb2/ BM i?2 1tT2M/Bim`2 �M/ 6QQ/ am`p2v U16aV BM i?2 lEXRy

h?2 `2bi Q7 i?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX a2+iBQM k ;Bp2b KQ`2 BM7Q`K�iBQM �#Qmi iBK2 mb2 bm`p2vb

�M/ i`�/BiBQM�H bm`p2vbX AM a2+iBQM j- r2 }`bi bi�i2 irQ BKTQbbB#BHBiv `2bmHib `2;�`/BM; i?2 i`m2 r22FHv ?Qm`bX

h?2M r2 7Q+mb QM i?2 2biBK�iBQM Q7 r22FHv H�#Q` bmTTHv T�`�K2i2`bX q2 T`QTQb2 b2p2`�H BMimBiBp2 2biBK�iQ`b

�M/ `2+QKK2M/ i?2 BKTmi2 2biBK�iQ` #�b2/ QM Bib bmT2`BQ` �bvKTiQiB+ T`QT2`iB2bX a2+iBQM 9 /2KQMbi`�i2b

Bib bmT2`BQ` }MBi2 b�KTH2 T`QT2`iB2b pB� bBKmH�iBQMb mbBM; i?2 .hla �b i?2 #2M+?K�`FX a2+iBQM 8 �TTHB2b

Qm` BKTmi2 2biBK�iQ` iQ i?2 �hla �M/ +QKT�`2b Bi rBi? i?2 H�#Q` bmTTHv 2H�biB+Biv 2biBK�i2b T`Q/m+2/ #v

i?2 *Sa 7Q` i?2 b�K2 `2bTQM/2MibX a2+iBQM e bi�i2b � 72r Q7 Qm` +QKK2Mib QM i?2 /2bB;M Q7 iBK2 mb2 bm`p2vbX

a2+iBQM d +QM+Hm/2bX

h?2 amTTH2K2Mi�`v �TT2M/B+2b +QHH2+i i?2 T`QQ7b- �//BiBQM�H bBKmH�iBQMb- �//BiBQM�H i?2Q`2iB+�H �M/

2KTB`B+�H `2bmHib- �b r2HH �b p�`BQmb `Q#mbiM2bb +?2+Fb Q7 Qm` 2KTB`B+�H bim/B2bX
Nh?2 *Sa �bFb i?2 `2bTQM/2Mib ?Qr K�Mv ?Qm`b ?2fb?2 mbm�HHv rQ`Fb T2` r22F- �M/ ?Qr K�Mv ?Qm`b ?2fb?2 �+im�HHv rQ`F2/

i?2 r22F #27Q`2- #Qi? 7Q` i?2B` K�BM DQ#b �M/ Qi?2` DQ#bX AM Qm` 2KTB`B+�H bim/B2b mbBM; *Sa /�i�- r2 mb2/ i?2 MmK#2` Q7 ?Qm`b
T2` r22F i?�i i?2 `2bTQM/2Mib mbm�HHv rQ`FX

Ryh?2 16a #2+�K2 FMQrM �b i?2 GBpBM; *Qbi �M/ 6QQ/ am`p2v 7`QK C�Mm�`v kyy3X
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k hBK2 lb2 am`p2vb

h?2 �hla `�M/QKHv /`�rb � bm#b�KTH2 Q7 i?2 `2bTQM/2Mib r?Q Dmbi +QKTH2i2/ i?2B` T�`iB+BT�iBQM BM i?2

*Sa rBi?BM i?2 T�bi irQ iQ }p2 KQMi?bXRR PM � `�M/QKHv +?Qb2M /�v UBMi2`pB2r /�vV-Rk i?2 `2bTQM/2Mib

�`2 �bF2/ iQ }HH mT � /B�`v /2i�BHBM; �HH i?2B` �+iBpBiB2b KBMmi2@#v@KBMmi2 QM i?2 T`2pBQmb /�v U/B�`v /�vVX

�//BM; �HH i?2 iBK2 bT2Mi QM rQ`FBM; #v 2�+? `2bTQM/2Mi vB2H/b ?Bbf?2` �hla ?Qm`b rQ`F2/ 7Q` i?2 /B�`v

/�vX aBM+2 i?2 `2bTQM/2Mib Q7 i?2 �hla ?�/ �H`2�/v T�`iB+BT�i2/ BM i?2 *Sa- �HH i?2 /�i� +QHH2+i2/ #v i?2

�hla �M/ i?2 *Sa �#Qmi i?2K �`2 �p�BH�#H2 7Q` �M�HvbBb- BM+Hm/BM; /2KQ;`�T?B+b �M/ BM+QK2XRj

h?2 �hla ?�b bQK2 /BbiBM+i 72�im`2b i?�i b2i Bi �T�`i 7`QK +QKKQMHv mb2/ bm`p2vb HBF2 i?2 *SaX 6B`bi-

i?2 `2bTQM/2Mib Q7 i?2 �hla `2+Q`/ i?2B` �+iBpBiB2b 7Q` QMHv QM2 /�v U/B�`v /�vV- �b QTTQb2/ iQ r22Fb Q`

KQMi?bX h?2 /B�`v /�v Bb +QKTH2i2Hv `�M/QKHv +?Qb2M- rBi? r22F2M/b ?�pBM; ?B;?2` T`Q#�#BHBiB2b i?�M

r22F/�vbXR9 a2+QM/- i?2 �hla BKTQb2b � k9@?Qm` HBKBi QM i?2 iBK2 �HHQ+�i2/ iQ �HH `2+Q`/2/ �+iBpBiB2bX

h?2b2 irQ 72�im`2b �`2 HBF2Hv iQ K�F2 i?2 �hla ?Qm`b � Km+? KQ`2 �++m`�i2 K2�bm`2 Q7 i?2 ?Qm`b rQ`F2/

QM � bBM;H2 /�vX h?`Qm;?Qmi i?Bb T�T2`- r2 �bbmK2 i?�i i?2 Q#b2`p2/ /�BHv ?Qm`b rQ`F2/ BM i?2 �hla �`2

i?2 i`m2 ?Qm`b rQ`F2/ 7Q` i?2 /B�`v /�v- QMHv iQ bBKTHB7v Qm` �M�HvbBbX q2 �+FMQrH2/;2 i?�i i?Bb �bbmKTiBQM

Bb �HKQbi +2`i�BMHv r`QM;- �M/ i?�i i?2 BM+B/2M+2 �M/ i?2 bBx2 Q7 i?2 K2�bm`2K2Mi 2``Q` BM i?2 �hla /�BHv

?Qm`b b?QmH/ #2 +�`27mHHv 2t�KBM2/ 7Q` �Mv b2`BQmb 2KTB`B+�H `2b2�`+?XR8

PM i?2 +QMi`�`v- i?2 *Sa `2+Q`/b r22FHv ?Qm`b- #v �bFBM; 2Bi?2` ?Qr K�Mv ?Qm`b i?2 `2bTQM/2Mib mbm�HHv

rQ`F T2` r22F Q` ?Qr K�Mv ?Qm`b i?2v �+im�HHv rQ`F2/ BM i?2 T`2pBQmb r22FX q?BH2 T`Q#�#Hv H2bb �++m`�i2

i?�M i?2 �hla ?Qm`b- i?2 *Sa ?Qm`b +QM+2`M � HQM;2` iBK2 T2`BQ/X

AM Q`/2` iQ [m�MiB7v �M/ `2+iB7v i?2 +QMb2[m2M+2b Q7 2``Q`@`B//2M ?Qm`b BM i?2 *Sa mbBM; i?2 KQ`2

�++m`�i2 �hla ?Qm`b- r2 ?�p2 iQ mM/2`bi�M/ �M/ i�+FH2 i?Bb iBK2 bT2+B}+Biv Q7 i?2 irQ /�i� bQm`+2bX h?Bb

iBK2 bT2+B}+Biv Bb i?2 +`mt Q7 i?Bb T�T2`X hQ 7Q+mb QM i?2 +QMb2[m2M+2b Q7 iBK2 bT2+B}+Biv- r2 rBHH QMHv BM+Hm/2

i?2 BM/BpB/m�Hb r?Q T�`iB+BT�i2/ BM #Qi? i?2 *Sa �M/ i?2 �hla BMiQ Qm` b�KTH2 7Q` 2KTB`B+�H �M�HvbBb- bQ

i?�i MQ /Bz2`2M+2b BM 2biBK�i2b Q` 2{+B2M+v K�v `2bmHi 7`QK i?2 /Bz2`2M+2b BM b�KTH2bXRe

am+? iBK2 bT2+B}+Biv Q7 ?Qm`b #2ir22M iBK2 mb2 bm`p2vb �M/ +QKKQMHv mb2/ bm`p2vb Bb MQi mMB[m2 iQ

i?2 la- T`2bmK�#Hv #2+�mb2 Q7 ?B;? +Qbib Q7 +QM/m+iBM; iBK2 mb2 bm`p2vbX AM 7�+i- iQ i?2 #2bi Q7 Qm`
RR6Q` i?2 rQ`F2`b r?Q b�iBb7v i?2 +`Bi2`BQM 7Q` Qm` 2KTB`B+�H �M�HvbBb BM a2+iBQM 8- i?2 MmK#2` Q7 i?Qb2 r?Q T�`iB+BT�i2 BM i?2

�hla �++QmMi 7Q` `Qm;?Hv Rf8y Q7 �HH i?2 `2bTQM/2Mib BM i?2 *SaX
Rk�hla lb2`Ƕb :mB/2 Ukyky- a2+iBQM jX8V bi�i2b i?�i ǳh?2 /2bB;M�i2/ T2`bQMb �`2 i?2M `�M/QKHv �bbB;M2/ � /�v Q7 i?2 r22F

�#Qmi r?B+? iQ `2TQ`iǴX
Rj6Q` � KQ`2 /2i�BH2/ /2b+`BTiBQM Q7 i?2 �hla- b22 >�K2`K2b? 2i �HX Ukyy8VX
R9�hla lb2`Ƕb :mB/2 Ukyky- a2+iBQM jX8V bi�i2b i?�i iQ ǳ2Mbm`2 ;QQ/ K2�bm`2b Q7 iBK2 bT2Mi QM r22F/�vb �M/ r22F2M/

/�vb- ĘRy T2`+2Mi Q7 i?2 b�KTH2 Bb �HHQ+�i2/ iQ 2�+? r22F/�v- �M/ k8 T2`+2Mi Q7 i?2 b�KTH2 Bb �HHQ+�i2/ iQ 2�+? r22F2M/ /�vǴX
q22F2M/b �`2 Qp2`b�KTH2/ bBM+2 i?2v �`2 KQ`2 BM7Q`K�iBp2 �#Qmi T2QTH2Ƕb �+iBpBiB2b Qi?2` i?�M rQ`FX

R8AM amTTH2K2Mi�H �TT2M/Bt *- r2 +QMbB/2` i?2 +�b2 r?2`2 i?2 �hla ?Qm`b +QMi�BM +H�bbB+�H K2�bm`2K2Mi 2``Q` �M/ b?Qr
i?�i �HH i?2 i?2Q`2Kb BM a2+iBQM jXk biBHH ?QH/ rBi? KBMQ` KQ/B}+�iBQMX

ReAM amTTH2K2Mi�`v �TT2M/Bt �- r2 +QKT�`2 i?2 �hla b�KTH2 rBi? � Km+? #B;;2` *Sa b�KTH2 �M/ /Q MQi }M/ bB;MB}+�Mi
/Bz2`2M+2 #2ir22M i?2 /Bbi`B#miBQMb Q7 F2v p�`B�#H2b 7`QK i?2 irQ b�KTH2bX
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FMQrH2/;2- i?2 QMHv +QmMi`v i?�i ?�b QM;QBM; iBK2 mb2 bm`p2v i?�i `2+Q`/b �+iBpBiB2b 7Q` �M 2MiB`2 r22F Bb i?2

L2i?2`H�M/bXRd h?2 .hla ?�b #22M +�``B2/ Qmi bBM+2 RNd8 �M/ ?�b #22M Tm#HBb?2/ 2p2`v }p2 v2�`bX AM i?2

r22F HQM; /B�`v- i?2 T�`iB+BT�Mib `2+Q`/ i?2B` K�BM �+iBpBiv 2p2`v i2M KBMmi2b �M/ � b2+QM/�`v �+iBpBiv i?�i

KB;?i i�F2 TH�+2 �i i?2 b�K2 iBK2X h?2 bm`p2v `�M/QKHv /`�r KQ`2 i?�M irQ i?Qmb�M/ T�`iB+BT�Mib 7`QK

i?2 .mi+? TQTmH�iBQM �;2/ Rk �M/ �#Qp2 bBM+2 kyyeX 6Q` i?2 b�K2 `2bTQM/2Mib- i?2 .hla �HbQ +QMi�BMb

*Sa@ivT2 `2+�HH2/ r22FHv ?Qm`b �M/ bQK2 /2KQ;`�T?B+b BM+Hm/BM; �;2- ;2M/2`- 2/m+�iBQM �M/ MmK#2` Q7

+?BH/`2MX aQ i?2 .hla b2`p2b �b � T�`iB+mH�`Hv T`2+BQmb #2M+?K�`F �;�BMbi r?B+? r2 +�M 2p�Hm�i2 /Bz2`2Mi

2biBK�iQ`bX q2 �`2 ;QBM; iQ #�b2 Qm` bBKmH�iBQM bim/B2b QM i?2 .hlaX lM7Q`imM�i2Hv- i?2 .hla /Q2b MQi

+QMi�BM /2i�BH2/ BM7Q`K�iBQM QM BM+QK2- r?B+? `2M/2`b Bi mMbmBi�#H2 7Q` Qm` 2KTB`B+�H �M�HvbBb BMpQHpBM; r�;2

Q` 2�`MBM;bXR3 "mi i?2 .hla +QMi�BMb /2KQ;`�T?B+ BM7Q`K�iBQM r?B+? �HHQrb mb iQ /`�r bQK2 2KTB`B+�H

}M/BM;b �#Qmi H�#Q` bmTTHv �HQM; i?�i HBM2XRN

j :QQ/ L2rb �M/ "�/ L2rb �#Qmi G�#Q` amTTHv

h?Bb b2+iBQM ?�b ;QQ/ M2rb �M/ #�/ M2rbX q2 bi�`i rBi? i?2 #�/ M2rb BM a2+iBQM jXR Ĝ i?�i Bb- r?�i iBK2

mb2 bm`p2vb +�MMQi i2HH mb �#Qmi H�#Q` bmTTHvX Pm` �M�HvbBb 2+?Q2b 6`�xBb �M/ ai2r�`i UkyRkV i?�i M2Bi?2`

i?2 r22FHv ?Qm`b rQ`F2/ MQ` Bib /Bbi`B#miBQM +�M #2 B/2MiB}2/ mbBM; i?2 �hla ivT2 iBK2 mb2 bm`p2v /�i�X

h?2M r2 T`Q+22/ iQ i?2 ;QQ/ M2rb BM a2+iBQM jXk Ĝ i?�i Bb- iQ T`QpB/2 +QMbBbi2Mi �M/ `2H�iBp2Hv 2{+B2Mi

2biBK�iQ`b Q7 H�#Q` bmTTHv 2H�biB+BiB2b �M/ iQ BMp2biB;�i2 i?2B` T`QT2`iB2bX

jXR "�/ L2rb, SQi2MiB�H >Qm`b �M/ AKTQbbB#BHBiv _2bmHib

h?2 #�/ M2rb /2HBp2`2/ BM i?Bb bm#b2+iBQM Bb 2Bi?2` `2Bi2`�iBQM Q` BKK2/B�i2 +Q`QHH�`B2b Q7 i?2 `2�bQMBM; BM

a2+iBQM AA Q7 6`�xBb �M/ ai2r�`i UkyRkV- #mi r2 `2T?`�b2 Bi mM/2` i?2 TQi2MiB�H Qmi+QK2 7`�K2rQ`FX q2 }M/

Bi M2+2bb�`v iQ `2Bi2`�i2 6`�xBb �M/ ai2r�`i UkyRkVǶb BMbB;?ib ?2`2 #2+�mb2 i?2B` bB;MB}+�M+2 �M/ BKTHB+�iBQMb

�TT2�` MQi iQ #2 7mHHv �TT`2+B�i2/ BM 2KTB`B+�H `2b2�`+? mbBM; iBK2 mb2 bm`p2vbX AM �//BiBQM- i?2 MQi�iBQM

mM/2` i?2 TQi2MiB�H Qmi+QK2 7`�K2rQ`F Bb BMbi`mK2Mi�H 7Q` Qm` �M�HvbBb BM a2+iBQM jXk- i?2 K�BM i?2Q`2iB+�H

`2bmHib Q7 i?Bb T�T2`X

G2iǶb bi�`i rBi? � bBKTH2 [m2biBQM, ?Qr /Q r2 `2+Qp2` i?2 /Bbi`B#miBQM Q7 r22FHv ?Qm`b rQ`F2/ 7`QK i?2

�hla /�BHv ?Qm`b /�i�\ aBM+2 i?2 �hla /B�`v /�v Bb `�M/QKHv /`�rM- QM2 K�v i?BMF Q7 i?2 �hla /�BHv

?Qm`b �b � `2T`2b2Mi�iBp2 b�KTH2 Q7 i?2 r22FHv ?Qm`b �M/- i?2`27Q`2- i?2 /Bbi`B#miBQM Q7 r22FHv ?Qm`b K�v #2
Rdh?2 lE iBK2 mb2 bm`p2vb BM RNdj- RNd9- RN3j �M/ RN39 +Qp2`2/ b2p2M /�vb Q7 � r22Fc �M/ KQ`2 `2+2Mi iBK2 mb2 bm`p2vb BM i?2

lE +Qp2` irQ /�vbX q?BH2 /B�`v `2+Q`/b 7Q` irQ /�vb biBHH bmz2` 7`QK iBK2 bT2+B}+Biv T`Q#H2K- i?2v �`2 HBF2Hv iQ T`QpB/2 T�`iB�H
BM7Q`K�iBQM QM r22FHv �+iBpBiv T�ii2`Mb i?�i i?2 �hla +�MMQiX _2�/2`b +�M `272` iQ ASlJa UkykyV 7Q` b�KTH2 +?�`�+i2`BbiB+b
Q7 iBK2 mb2 bm`p2vb BM /Bz2`2Mi +QmMi`B2bX

R3h?2 BM+QK2 p�`B�#H2 BM i?2 .hla Bb QMHv i?2 �MMm�H BM+QK2 [m�`iBH2bX
RN6Q` � KQ`2 /2i�BH2/ /2b+`BTiBQM Q7 i?2 .hla- b22 6Bb?2` 2i �HX UkyR3VX

e



`2+Qp2`2/ 7`QK i?2 /Bbi`B#miBQM Q7 i?2 �hla /�BHv ?Qm`b rBi? �/DmbiK2Mi 7Q` /B�`v /�v b�KTHBM; r2B;?ibX

� bK�HH 2tT2`BK2Mi mbBM; i?2 .hla /�i� BHHmbi`�i2b i?�i i?Bb Bb � #�/ B/2�X AM 6B;m`2 R- i?2 bQHB/ HBM2

b?Qrb i?2 F2`M2H /2MbBiv Q7 i?2 .hla r22FHv ?Qm`b rQ`F2/- r?B+? Bb /B`2+iHv Q#b2`p�#H2 BM i?2 .hla 7Q`

2�+? BM/BpB/m�HX hQ KBKB+ i?2 �hla- r2 `�M/QKHv +?QQb2 QM2 /�v 7`QK i?2 .hla �b i?2 /B�`v /�v 7Q` 2�+?

BM/BpB/m�H- �M/ THQi i?2 F2`M2H /2MbBiv Q7 i?2 ?Qm`b rQ`F2/ QM i?2 /B�`v /�v KmHiBTHB2/ #v 7X h?2 /�b?2/

�M/ i?2 /Qii2/ HBM2b BM 6B;m`2 R b?Qr i?2 F2`M2H /2MbBiB2b 7Q` irQ bm+? `�M/QK 2tT2`BK2MibX h?2v /Bz2`

7`QK i?2 .hla r22FHv ?Qm`b bB;MB}+�MiHvXky

Ai im`Mb Qmi i?�i Bi Bb Dmbi BKTQbbB#H2 iQ B/2MiB7v i?2 /Bbi`B#miBQM Q7 r22FHv ?Qm`b 7`QK /�BHv ?Qm`b rBi?Qmi

�/ ?Q+ �bbmKTiBQMbX LQr r2 BMi`Q/m+2 MQi�iBQM iQ 7�+BHBi�i2 i?2 /Bb+mbbBQMX G2i i?2 BM/BpB/m�H `2bTQM/2Mi

#2 BM/2t2/ #v i = 1, . . . , nX G2i Hw
i /2MQi2 i?2 i`m2 r22FHv ?Qm`b rQ`F2/ #v BM/BpB/m�H iX h?2 `2+�HH2/

r22FHv ?Qm`b rQ`F2/ HCPS
i BM i?2 *Sa Bb �M 2``Q`@`B//2M K2�bm`2 Q7 Hw

i -

HCPS
i = Hw

i + ei. URV

h?�i i?2 K2�bm`2K2Mi 2``Q` Bb MQM+H�bbB+�H BKTHB2b i?�i ei +QmH/ #2 +Q``2H�i2/ rBi? Hw
i X G2i t ∈ {1, . . . , 7}

/2MQi2 i?2 /�vb Q7 � r22F-kR �M/ H2i Hit /2MQi2 i?2 i`m2 /�BHv ?Qm`b rQ`F2/ #v BM/BpB/m�H i QM /�v tX

L�im`�HHv- i?2 r22FHv ?Qm`b rQ`F2/ 2[m�H iQ i?2 bmK Q7 /�BHv ?Qm`b rQ`F2/ Qp2` i?2 r22F-

Hw
i =

7∑

t=1

Hit. UkV

G2i ti #2 i?2 /B�`v /�v Q7 BM/BpB/m�H i BM i?2 �hla- i?2M i?2 /�BHv ?Qm`b rQ`F2/ BM �hla- /2MQi2/ �b

HATUS
i - Bb Dmbi Hiti X hQ 7�+BHBi�i2 Qm` �M�HvbBb- Bi ?2HTb iQ r`Bi2 i?2 �hla /�BHv ?Qm`b BM �M �Hi2`M�iBp2 r�vX

G2i dit ≡ I{ti = t} #2 b2p2M /B�`v /�v /mKKv p�`B�#H2b 7Q` 2�+? BM/BpB/m�H iXkk h?2M

HATUS
i = Hiti =

7∑

t=1

ditHit. UjV

aBM+2 7Q` �Mv BM/BpB/m�H BMi2`pB2r2/ BM i?2 �hla- QM2 �M/ QMHv QM2 Q7 i?2 b2p2M /B�`v /mKKB2b 2[m�Hb 1- r2

QMHv ?�p2 �M �++m`�i2 K2�bm`2 Q7 ?Bbf?2` ?Qm`b rQ`F2/ 7Q` � bBM;H2 /�v Q7 i?2 r22F- #mi MQi 7Q` i?2 Qi?2`

bBt /�vbXkj

LQr Bi ?2HTb iQ `2+�HH i?2 +QMp2MiBQM�H rBb/QK BM i?2 T`Q;`�K 2p�Hm�iBQM HBi2`�im`2 i?�i 2p2M BM Tm`2Hv
kyAM amTTH2K2Mi�`v �TT2M/Bt �- r2 i�F2 i?2 +QKKQM }p2@/�v rQ`F b+?2/mH2 BMiQ �++QmMi- �M/ i?2 `2bmHib �`2 bBKBH�`X
kRt = 1 BM/B+�i2b amM/�v- t = 2 BM/B+�i2b JQM/�v- �M/ bQ QMX
kkh?2 bvK#QH ≡ BM/B+�i2b i?�i i?2 [m�MiBiv QM i?2 H27i bB/2 Bb /2}M2/ �b i?2 2tT`2bbBQM QM i?2 `B;?i bB/2X
kjh?`Qm;?Qmi i?2 T�T2`- r2 �bbmK2 i?�i i?2 ?Qm`b rQ`F2/ BM iBK2 mb2 bm`p2vb �`2 i?2 i`m2 ?Qm`b rQ`F2/ 7Q` i?2 T`2b+`B#2/

T2`BQ/X h?Bb Bb K2`2Hv 7Q` i?2 bBKTHB+Biv Q7 2tTQbBiBQM- #2+�mb2 �HH i?2 i?2Q`2iB+�H `2bmHib biBHH ?QH/ B7 i?2 K2�bm`2K2Mi 2``Q` Q7
?Qm`b rQ`F2/ BM iBK2 mb2 bm`p2vb Bb +H�bbB+�HX AM amTTH2K2Mi�`v �TT2M/Bt *- r2 /Bb+mbb i?Bb BM /2i�BHbX

d



`�M/QK 2tT2`BK2Mib- M2Bi?2` BM/BpB/m�H i`2�iK2Mi 2z2+i MQ` Bib /Bbi`B#miBQM BM i?2 TQTmH�iBQM +�M #2 B/2M@

iB}2/ rBi?Qmi �/ ?Q+ �bbmKTiBQMb QM i?2 DQBMi /Bbi`B#miBQM Q7 (Yi1, Yi0)Xk9 6QHHQrBM; i?2 T`Q;`�K 2p�Hm�iBQM

HBi2`�im`2- r2 +�HH Hit ǳTQi2MiB�H ?Qm`bǴ Q7 /B�`v /�v t Ut = 1, . . . , 7VX

h?2 7QHHQrBM; BKTQbbB#BHBiv `2bmHib M�im`�HHv 7QHHQrX 6B`bi- rBi?Qmi �/ ?Q+ �bbmKTiBQMb- Bi Bb BKTQbbB#H2

iQ `2+Qp2` BM/BpB/m�H r22FHv ?Qm`b rQ`F2/ Hw
i 7`QK r?�i Bb �p�BH�#H2 BM i?2 �hlaX h?Bb BKTQbbB#BHBiv `2bmHi

BKTHB2b bQK2 BKTQ`i�Mi HBKBi�iBQMb Q7 i?2 BKTmi2/ r22FHv ?Qm`b Ĝ b22 _2K�`F k #2HQr 7Q` /2i�BHbX a2+QM/-

i?2 �hla QMHv +QMi�BMb BM7Q`K�iBQM `2;�`/BM; i?2 K�`;BM�H /Bbi`B#miBQMb Q7 /�BHv ?Qm` rQ`F2/ QM � bBM;H2

/�v- #mi T`QpB/2b MQ BM7Q`K�iBQM �#Qmi i?2 /2T2M/2M+2 �KQM; (Hi1, . . . , Hi7)′X h?2 H�ii2` Bb `2[mB`2/ iQ

}M/ Qmi i?2 /Bbi`B#miBQM Q7 r22FHv ?Qm`b Hw
i X AM +QMb2[m2M+2- i?2 /Bbi`B#miBQM Q7 i?2 r22FHv ?Qm`b rQ`F2/

Hw
i U�b r2HH �b Bib p�`B�M+2V +�MMQi #2 `2+Qp2`2/ mbBM; i?2 �hla /�BHv ?Qm`b /�i�X h?B`/- +QKTmiBM; i?2

bi�M/�`/ 2``Q`b Q7 �hla #�b2/ 2biBK�iQ`b M22/b 2ti`� 2zQ`iX qBi?Qmi i?2 TQi2MiB�H Qmi+QK2 7`�K2rQ`F-

i?Bb r�b MQi Q#pBQmb- #mi i?2 `2�bQM rBHH #2+QK2 +H2�`2` �7i2` r2 ;Bp2 i?2 bi�M/�`/ 2``Q` 7Q`KmH�b 7Q` p�`BQmb

2biBK�iQ`b BM h?2Q`2K dX

jXk :QQ/ L2rb, G�#Q` amTTHv S�`�K2i2`b

�b a2+iBQM AAXR Q7 6`�xBb �M/ ai2r�`i UkyRkV TQBMi2/ Qmi- i?2 /�BHv ?Qm`b rQ`F2/ BM i?2 �hla +�M #2 mb2/

iQ T`Q/m+2 2biBK�i2b Q7 i?2 r22FHv H�#Q` bmTTHv `2;`2bbBQM T�`�K2i2`b- /2bTBi2 i?2 BKTQbbB#BHBiv `2bmHib

BM a2+iBQM jXRXk8X AM T�`iB+mH�`- bm+? T�`�K2i2`b BM+Hm/2 H�#Q` bmTTHv 2H�biB+BiB2b- i?2 �TTHB+�iBQM r2 rBHH

7Q+mb QM BM i?2 `2bi Q7 i?Bb T�T2`X h?2 `2�bQM- `2T?`�b2/ mM/2` i?2 TQi2MiB�H Qmi+QK2 7`�K2rQ`F- Bb �b

7QHHQrbX h?2 �hla +HQb2Hv `2b2K#H2b Tm`2Hv `�M/QK 2tT2`BK2Mib- bBM+2 i?2 /B�`v /�v Bb +QKTH2i2Hv `�M/QKHv

+?Qb2M 7Q` 2�+? `2bTQM/2MiX AM `�M/QK 2tT2`BK2Mib- E(Yi1 − Yi0)- i?2 �p2`�;2 i`2�iK2Mi 2z2+i U�h1V �M/

E(Yi1 −Yi0|Xi = x)- i?2 +QM/BiBQM�H �p2`�;2 i`2�iK2Mi 2z2+i U*�h1V +�M #2 B/2MiB}2/ �M/ 2biBK�i2/ mbBM;

i?2 /�i� i?�i `2+Q`/b 2Bi?2` Yi1 Q` Yi0 U#mi MQi #Qi?V 7Q` 2�+? BM/BpB/m�HX aBM+2 `2;`2bbBQM 2[m�iBQMb �`2

2bb2MiB�HHv +QM/BiBQM�H K2�M KQ/2Hb- #Qi? E(Hw
i ) �M/ E(Hw

i |Xi = x)- i?2 +QmMi2`T�`ib Q7 i?2 �h1 �M/ i?2

*�h1 BM Qm` b+2M�`BQ- +�M #2 B/2MiB}2/ �M/ 2biBK�i2/X AM 7�+i- i?2 H�#Q` bmTTHv 2H�biB+Biv 2biBK�iQ` r2

`2+QKK2M/ H�i2` BM i?Bb b2+iBQM `2b2K#H2b � bBKBH�`Biv iQ i?2 K�i+?BM; `2;`2bbBQM 2biBK�iQ` Q7 i?2 �h1 BM

i?�i Bi mb2b i?2 �+im�H �hla /�BHv ?Qm`b rQ`F2/ #v Qi?2` BM/BpB/m�Hb rBi? bBKBH�` 2tQ;2MQmb +?�`�+i2`BbiB+b

iQ BKTmi2 i?2 bBt KBbbBM; /�BHv ?Qm`b rQ`F2/ 7Q` 2�+? BM/BpB/m�H BM i?2 �hlaX

PM2 mMB[m2 72�im`2- ?Qr2p2`- /Bz2`2MiB�i2b i?2 H�#Q` bmTTHv 2H�biB+Biv 2biBK�iBQM T`Q#H2K 7`QK i?2 mbm�H

i`2�iK2Mi 2z2+i 2biBK�iBQMX 1H�biB+Biv ?BM;2b QM MQi QMHv i?2 K2�M- #mi �HbQ i?2 T�`iB�H /2`Bp�iBp2 Q7 i?2
k9G2i Yi1- Yi0 �M/ di /2MQi2 i?2 Qmi+QK2 B7 i`2�i2/- i?2 Qmi+QK2 B7 MQi i`2�i2/ �M/ i?2 i`2�iK2Mi BM/B+�iQ` 7Q` BM/BpB/m�H

i- `2bT2+iBp2Hv- i?2M i?2 Q#b2`p2/ Qmi+QK2 Bb Yi = diYi1 + (1 − di)Yi0X Ai Bb r2HH FMQrM i?�i i?2 BM/BpB/m�H i`2�iK2Mi 2z2+i-
/2}M2/ �b Yi1 − Yi0- +�MMQi #2 B/2MiB}2/X

k8h?2v �HbQ TQBMi2/ Qmi i?�i i?2 hQ#Bi KQ/2H H2�/b iQ BM+QMbBbi2Mi 2biBK�iQ`b 2p2M i?Qm;? i?2`2 �`2 K�Mv x2`Q@p�Hm2 Q#b2`@
p�iBQMb BM iBK2 mb2 bm`p2vbX

3



+QM/BiBQM�H K2�M 7mM+iBQM ∂E(Hw
i |Xi = x)/∂x- r?B+? rQmH/ +Q``2bTQM/ iQ ∂E(Yi1 − Yi0|Xi = x)/∂x �M/

b22Kb MQi iQ ?�p2 �ii`�+i2/ Km+? �ii2MiBQM BM i?2 i`2�iK2Mi 2z2+i HBi2`�im`2X "2+�mb2 r2 7Q+mb QM i?2

T�`iB�H 2z2+i Q7 Xi- r2 }M/ i?�i mMHBF2 BM i?2 i`2�iK2Mi 2z2+i HBi2`�im`2 r?2`2 i?2 K�i+?BM; 2biBK�iQ` �BKb

iQ BKTmi2 Yi1 Q` Yi0 Bib2H7- i?2 +?�`�+i2`BbiB+b iQ BKTmi2 i?2 KBbbBM; TQi2MiB�H ?Qm`b BM Qm` +QMi2ti Kmbi #2

2tQ;2MQmb T`2/B+iQ`b Q7 i?2 /�BHv ?Qm`b rQ`F2/X

jXkXR JQ/2H �M/ 1biBK�iQ`b

hQ #2 +QM+`2i2- r2 +QMbB/2` i?2 7QHHQrBM; 2[m�iBQM Q7 r22FHv H�#Q` bmTTHv-

Hw
i = X ′

iβ + Ui, i = 1, . . . , n, U9V

r?2`2 Xi Bb � p× 1 p2+iQ` Q7 Q#b2`p�#H2 BM/2T2M/2Mi p�`B�#H2b i?�i �z2+i ?Qm`b rQ`F2/ rBi? Bib }`bi 2H2K2Mi

#2BM; mMBi QM2X h?2 2tTH�M�iQ`v p�`B�#H2b Xi- BM+Hm/BM; HQ; r�;2 BM T�`iB+mH�`- i2M/ iQ #2 +Q``2H�i2/ rBi?

Ui- �M/ ?2M+2 Bb Q7i2M 2M/Q;2MQmbX JQ`2Qp2`- HQ; r�;2 K�v �HbQ #2 bm#D2+i iQ K2�bm`2K2Mi 2``Q`bXke AM

`2bTQMb2 iQ i?2b2 T`Q#H2Kb- r2 �bbmK2 i?�i � q × 1 p2+iQ` Q7 Aob Zi Bb �p�BH�#H2X

h?2 B/2�H #mi BM72�bB#H2 +�b2 Bb r?2M i?2 i`m2 r22FHv ?Qm`b rQ`F2/ Hw
i r2`2 Q#b2`p�#H2 7Q` 2�+? BM/BpB/m�HX

h?2 mbm�H kaGa 2biBK�iQ` Bb i?2M

β̂wk = (X ′PzX)−1(X ′PzH
w), U8V

r?2`2 Hw ≡ (Hw
1 , . . . , Hw

n )′- X ≡ (X1, . . . , Xn)′- Z ≡ (Z1, . . . , Zn)′ �M/ Pz ≡ Z(Z ′Z)−1Z ′X aBM+2 Bi mb2b i?2

mMQ#b2`p�#H2 i`m2 r22FHv ?Qm`b rQ`F2/- r2 +�HH Bi r22F 2biBK�iQ` �M/ mb2 Bi �b �M BM72�bB#H2 #2M+?K�`FX

LQr r2 +QMbB/2` ?Qr iQ miBHBx2 i?2 Q#b2`p2/ �hla /�BHv ?Qm`bX "2+�mb2 i?2 �hla Bb /2bB;M2/ iQ bm`p2v

�#Qmi � `�M/QKHv +?Qb2M /�v 7Q` 2�+? BM/BpB/m�H- r2 K�BMi�BM i?2 7QHHQrBM; �bbmKTiBQM i?`Qm;?Qmi i?2

T�T2`Xkd

�bbmKTiBQM R U_�M/QK /B�`v /�vVX .B�`v /�v /mKKB2b (di1, . . . , di7)′ �`2 BM/2T2M/2Mi 7`QK (X ′
i, Z

′
i, Ui,

Hi1, . . . , Hi7)′X

q2 mb2/ S2�`bQMǶb +?B@b[m�`2/ i2bi iQ i2bi i?2 BM/2T2M/2M+2 #2ir22M i?2 �hla /B�`v /�v �M/ 2�+? Q7 i?2

Qi?2` p�`B�#H2b mb2/ BM i?Bb T�T2`Xk3 h?2 i2bib `2bmHib �`2 BM h�#H2 �XRR Q7 i?2 amTTH2K2Mi�`v �TT2M/Bt �-

�M/ i?2v bi`QM;Hv bmTTQ`i �bbmKTiBQM RX

G2i HATUS /2MQi2 i?2 n×1 p2+iQ` Q7 �hla /�BHv ?Qm`bX 6Q` 2�+? t ∈ {1, . . . , 7}- bmTTQb2 i?2 bm#b�KTH2
kea22 � bm`p2v T�T2` #v "QmM/ 2i �HX UkyyRV 7Q` /2i�BHbX
kd�hla lb2`Ƕb :mB/2 Ukyky- a2+iBQM jX8V bi�i2b i?�i ǳRy T2`+2Mi Q7 i?2 b�KTH2 Bb �HHQ+�i2/ iQ 2�+? r22F/�v- �M/ k8 T2`+2Mi

Q7 i?2 b�KTH2 Bb �HHQ+�i2/ iQ 2�+? r22F2M/ /�vXǴ
k3JQbi Q7 Qm` `2;`2bbQ`b �`2 +�i2;Q`B+�H p�`B�#H2b- 7Q` r?B+? +?B@b[m�`2/ i2bi +�M #2 /B`2+iHv mb2/X q2 #BM i?2 +QMiBMmQmb

p�`B�#H2b- HBF2 ?Qm`Hv r�;2- �++Q`/BM; iQ i?2B` /2+BH2b #27Q`2 �TTHvBM; i?2 +?B@b[m�`2/ i2bib 7Q` i?2KX

N



bBx2 7Q` /B�`v /�v t Bb nt- H2i Ht ≡ (H1t, . . . , Hnt)′- �M/ H2i Dt /2MQi2 �M n×n /B�;QM�H K�i`Bt rBi? 2H2K2Mib

dit Ui = 1, . . . , nVX q?�i Dt /Q2b Bb Dmbi iQ b2H2+i i?2 bm#b�KTH2 7Q` /B�`v /�v tX 1[m�iBQM UjV +�M #2

`2@r`Bii2M BM bm+? K�i`Bt MQi�iBQM �b HATUS =
∑7

t=1 DtHtX

aBM+2 i?2 /B�`v /�v Bb +?Qb2M `�M/QKHv- Bi �TT2�`b M�im`�H iQ 2tT2+i i?2 /�v@iQ@/�v p�`B�iBQM Q7 /�BHv

?Qm`b rQ`F2/ rBi?BM � r22F iQ +�M+2H Qmi BM H�`;2 b�KTH2b B7 r2 TQQH �HH /B�`v /�vb iQ;2i?2`X h?Bb BMimBiBQM

H2�/b iQ r?�i r2 +�HH TQQH 2biBK�iQ`-

β̂pool ≡ (X ′PzX)−1X ′Pz

( 7∑

t=1

rntDtHt

)
. UeV

AM 2[X UeV- rnt ≡ n/nt �/Dmbib 7Q` i?2 b�KTHBM; T`Q#�#BHBiv Q7 i?2 /B�`v /�vbX A7 2p2`v /�v ;2ib 1/7 T`Q#�#BHBiv

Q7 #2BM; b�KTH2/- i?2M i?2 TQQH 2biBK�iQ` Bb 2[mBp�H2Mi iQ � bBKTH2 kaGa mbBM; i?2 TQQH2/ �hla /�BHv ?Qm`b

KmHiBTHB2/ #v b2p2MX

_2K�`F R U�/DmbiBM; 7Q` /B�`v /�v b�KTHBM; T`Q#�#BHBiB2b BM β̂poolVX JQbi 2KTB`B+�H `2b2�`+? �/Dmbib 7Q`

i?2 b�KTHBM; r2B;?ib Q7 BM/BpB/m�HbX "mi 2[X UeV BKTHB2b i?�i 7Q` iBK2 mb2 bm`p2vb- Bi Bb BKTQ`i�Mi iQ �HbQ

�/Dmbi 7Q` i?2 /B�`v /�v b�KTHBM; T`Q#�#BHBiB2b rBi? rnt r?2M TQQHBM; i?2 Q#b2`p�iBQMb- Qi?2`rBb2 h?2Q`2K k

#2HQr BKTHB2b i?�i β̂pool rBHH #2 BM+QMbBbi2MiX h?2 /BbiBM+iBQM #2ir22M i?2b2 irQ ivT2b Q7 �/DmbiK2Mi rBHH #2

/Bb+mbb2/ 7m`i?2` BM _2K�`F RkX

h?2 b2+QM/ BMimBiBp2 2biBK�iQ` `2HB2b QM i?2 /Bb�;;`2;�iBQM Q7 i?2 r22FHv H�#Q` bmTTHv KQ/2H BMiQ �

MmK#2` Q7 /�BHv H�#Q` bmTTHv KQ/2Hbc i?�i Bb- 7Q` t = 1, . . . , 7-

Hit = X ′
iβt + Uit, UdV

r?2`2 E(Uit) = 0X h?2M i?2 T�`�K2i2`b β BM i?2 r22FHv H�#Q` bmTTHv KQ/2H +�M #2 `2@r`Bii2M �b β =
∑7

t=1 βtX

h?2`27Q`2- Bi �TT2�`b iQ #2 � HQ;B+�H �ii2KTi iQ 2biBK�i2 β mbBM; r?�i r2 +�HH /�v 2biBK�iQ`- /2}M2/ �b

β̂day ≡
7∑

t=1

β̂t =
7∑

t=1

(X ′PztX)−1X ′PztHt, U3V

r?2`2 7Q` 2�+? t ∈ {1, . . . , 7}- β̂t Bb bBKTHv i?2 mbm�H kaGa 2biBK�iQ` Q7 βt mbBM; QMHv i?2 bm#b�KTH2 7Q` /B�`v

/�v t- �M/ Pzt = (DtZ)(Z ′DtZ)−1(DtZ)′X

G�i2` r2 �`2 ;QBM; iQ b?Qr i?�i #Qi? i?2 TQQH 2biBK�iQ` �M/ i?2 /�v 2biBK�iQ` �`2 +QMbBbi2Mi mM/2`

KBH/ +QM/BiBQMbX >Qr2p2`- M2Bi?2` Q7 i?2K Bb B/2�H BM i2`Kb Q7 2{+B2M+v �M/ `Q#mbiM2bb �;�BMbi bK�HH b�KTH2

b�KTHBM; 2``Q`bX AMbi2�/- r2 T`QTQb2 � i?B`/ 72�bB#H2 2biBK�iQ`- r?B+? /2pB�i2b 7`QK i?2 BM72�bB#H2 #2M+?K�`F

β̂wk �b HBiiH2 �b TQbbB#H2- �M/ r2 rBHH b?Qr i?�i i?2 i?B`/ 2biBK�iQ` QmiT2`7Q`Kb i?2 }`bi irQ BM i2`Kb Q7

Ry



�bvKTiQiB+ 2{+B2M+v �M/ bK�HH b�KTH2 `Q#mbiM2bbX

AM HB;?i Q7 2[X UkV �M/ i?2 /2}MBiBQM Q7 Pz-kN i?2 BM72�bB#H2 kaGa 2biBK�iQ` β̂wk +�M #2 `2@r`Bii2M �b

β̂wk = (X ′PzX)−1X ′Pz

7∑

t=1

Ht = (X ′PzX)−1X ′PzZ
7∑

t=1

(Z ′Z/n)
−1

(Z ′Ht/n) .

"v i?2 H�r Q7 H�`;2 MmK#2`b- r2 FMQr i?�i (Z ′Z/n)−1 (Z ′Ht/n)
p.−→ [E(ZiZ ′

i)]
−1E(ZiHit)X �bbmKTiBQM R

BKTHB2b i?�i BM i?Bb 2tT`2bbBQM- i?2 mM+QM/BiBQM�H K2�Mb 2[m�H iQ i?2 +QM/BiBQM�H K2�Mb- BX2X- [E(ZiZ ′
i)]

−1E(ZiHit) =

[E(ZiZ ′
i | dit = 1)]−1E(ZiHit | dit = 1)X �b � `2bmHi- r2 +�M mb2 i?2 bm#b�KTH2 7Q` /B�`v /�v t- BMbi2�/ Q7 i?2

2MiB`2 b�KTH2- iQ 2biBK�i2 i?2 irQ +QM/BiBQM�H K2�Mb 7Q` 2�+? tX _2TH�+2 i?2 H�bi T�`i Q7 β̂wk #v Bib /B�`v

/�v t +QmMi2`T�`i- r2 ;2i

β̂im ≡ (X ′PzX)−1X ′PzZ
7∑

t=1

(Z ′DtZ/nt)
−1

(Z ′DtHt/nt) . UNV

q2 +�HH i?Bb 2biBK�iQ` BKTmi2 2biBK�iQ`X AM T`�+iB+2- BKTmi2 2biBK�iQ` Bb 2�bv iQ +QKTmi2 mbBM; i?2 �hla

/�i� #v i?2 7QHHQrBM; bi2Tb,

RX UǳX }`bi bi�;2ǴV _2;`2bb Xi QM Zi mbBM; i?2 2MiB`2 b�KTH2 �M/ i�F2 i?2 }ii2/ p�Hm2b X̂ic

kX UǳH }`bi bi�;2ǴV 6Q` 2�+? /B�`v /�v t- `2;`2bb HATUS
i UBX2X- HitiV QM Zi mbBM; i?2 bm#b�KTH2 dit = 1 iQ

;2i α̂t- �M/ BKTmi2 i?2 r22FHv ?Qm`b rQ`F2/ #v Ĥw
i =

∑7
t=1 Ĥit =

∑7
t=1 Z

′
iα̂t 7Q` i?2 2MiB`2 b�KTH2c

jX Uǳa2+QM/ bi�;2ǴV _2;`2bb Ĥw
i QM X̂i mbBM; i?2 2MiB`2 b�KTH2 �M/ ;2i β̂imX

*QKT�`2/ iQ i?2 mbm�H kaGa 2biBK�iQ`- i?Bb 2biBK�iQ` �//b QM2 KQ`2 bBKTH2 bi2T BM i?2 KB//H2 r?2`2 i?2

p�Hm2b Q7 i?2 mMQ#b2`p�#H2 r22FHv ?Qm`b Hw
i Bb BKTmi2/ #�b2/ QM i?2 AoX

AM i?2 ǳH }`bi bi�;2Ǵ- B7 i?2 ?Qm`b rQ`F2/ #v BM/BpB/m�H i QM /�v t Bb MQi Q#b2`p2/- i?2 BKTmi2 2biBK�iQ`

2bb2MiB�HHv K�i+?2b BM/BpB/m�H i rBi? i?Qb2 `2bTQM/2Mib BM i?2 /B�`v /�v ;`QmT t r?Q ?�p2 bBKBH�` p�Hm2b

Q7 Zi rBi? ?2`- �M/ mb2b i?2B` ?Qm`b rQ`F2/ �b i?2 BKTmi2/ ?Qm`b 7Q` BM/BpB/m�H iX h?Bb Bb bBKBH�` iQ i?2

ǳbvMi?2iB+ iBK2 /B�`vǴ K2i?Q/ 2KTHQv2/ #v �;mB�` 2i �HX UkyRdVX Ai �HbQ `2b2K#H2b i?2 K�i+?BM; 2biBK�iQ`

BM i?2 i`2�iK2Mi 2z2+i HBi2`�im`2- 2t+2Ti i?�i ?2`2 r2 K�F2 Bi +H2�` i?�i i?2 #�bBb 7Q` K�i+?BM; ?�b iQ #2

2tQ;2MQmb Aob Zi- �M/ +�MMQi #2 2M/Q;2MQmb `2;`2bbQ`b Xi BM i?2 r22FHv H�#Q` bmTTHv 2[X U9VX

_2K�`F k UGBKBi�iBQM Q7 BKTmi2/ r22FHv ?Qm`b Ĥw
i VX Ai KB;?i #2 i2KTiBM; iQ i?BMF Q7 Ĥw

i �b ǳT`2/B+i2/Ǵ

r22FHv ?Qm`b rQ`F2/ 7Q` rQ`F2` i- �M/ iQ mb2 Ĥw
i iQ BKTmi2 Qi?2` p�`B�#H2bX 6Q` 2t�KTH2- QM2 KB;?i T`QTQb2

iQ BKTmi2 ?Qm`Hv r�;2 `�i2 #v Ii/Ĥw
i 7Q` r22FHv T�B/ rQ`F2`b- r?2`2 Ii Bb r22FHv 2�`MBM; Q7 rQ`F2` iX

lM7Q`imM�i2Hv- Qm` 2�`HB2` BKTQbbB#BHBiv `2bmHi BM/B+�i2b i?�i bm+? mb2 Q7 Ĥw
i - BM ;2M2`�H- Bb r`QM;X Ĥw

i Bb
kNJQ`2Qp2`- Pz Bb �M B/2KTQi2Mi K�i`Bt- BX2X- PzPz = Pz X

RR



K2`2Hv �M BMi2`K2/B�i2 i?�i 7�+BHBi�i2b 2{+B2Mi 2biBK�iBQM Q7 βX AM �//BiBQM- Qm` �M�HvbBb 2KT?�bBx2b i?�i

BKTmi�iBQM Q7 Ĥw
i b?QmH/ QMHv #2 #�b2/ QM i?2 BMbi`mK2Mib Zi- #mi MQi 2M/Q;2MQmb XiX 1p2M i?Qm;? BM K�Mv

+�b2b i?2 H�ii2` K�v /2HBp2` � #2ii2` ǳT`2/B+i2/Ǵ r22FHv ?Qm`b- Bi `2bmHib BM #B�b BM β 2biBK�i2bX

_2K�`F j U1tQ;2MQmb XiVX A7 Xi �`2 2tQ;2MQmb U?2M+2 Xi �`2 i?2B` QrM AobV- i?2M β̂wk = (X ′X)−1(X ′Hw)

bBKTHv #2+QK2b i?2 PGa 2biBK�iQ` 7Q` KQ/2H 2[X U9VX Ai Bb 2�bv iQ p2`B7v i?�i BM i?Bb +�b2 β̂day Bb MmK2`B+�HHv

B/2MiB+�H iQ i?2 BKTmi2 2biBK�iQ` β̂imX h?2 irQ /Bz2` B7 Xi �`2 2M/Q;2MQmbX

_2K�`F 9 U*H�bbB+�H K2�bm`2K2Mi 2``Q` BM i?2 �hlaVX q2 �+FMQrH2/;2 i?�i iBK2 mb2 bm`p2vb �`2 MQi 2``Q`

7`22X G2i Hit #2 i?2 i`m2 ?Qm`b rQ`F2/ QM /�v t- �M/ H2i HATUS
it = Hit + eATUS

it #2 i?2 �hla ?Qm`b B7

`2bTQM/2Mi i r�b BMi2`pB2r2/ 7Q` ?Bbf?2` ?Qm`b rQ`F2/ QM /�v tX AM amTTH2K2Mi�`v �TT2M/Bt *- r2 b?Qr i?�i

r?2M eATUS
it Bb +H�bbB+�H K2�bm`2K2Mi 2``Q`- �HH i?2 i?2Q`2iB+�H `2bmHib i?�i r2 rBHH 2H�#Q`�i2 BM a2+iBQM jXkXk

+QMiBMm2 iQ ?QH/- rBi? QMHv � b�K2 bK�HH �/DmbiK2Mi i2`K �//2/ iQ i?2 �bvKTiQiB+ p�`B�M+2b Q7 �HH 72�bB#H2

2biBK�iQ`bX

jXkXk G�`;2 a�KTH2 S`QT2`iB2b

AM i?Bb b2+iBQM- r2 rBHH b?Qr i?�i �HH T`QTQb2/ 72�bB#H2 2biBK�iQ`b 7Q` i?2 �hla �`2 +QMbBbi2Mi mM/2` i?2

b�K2 +QM/BiBQMb 7Q` i?2 +QMbBbi2M+v Q7 i?2 mbm�H kaGa 2biBK�iQ`- �b B7 i?2 i`m2 r22FHv ?Qm`b rQ`F2/ r2`2

Q#b2`p2/X AM �//BiBQM- r2 rBHH b?Qr i?�i i?2 BKTmi2 2biBK�iQ` ?�b bmT2`BQ` `2H�iBp2 �bvKTiQiB+ 2{+B2M+vX

h?2 T`QQ7b 7Q` �HH i?2 i?2Q`2Kb BM i?Bb b2+iBQM �`2 T`QpB/2/ BM amTTH2K2Mi�`v �TT2M/Bt "X q2 K�BMi�BM i?2

7QHHQrBM; i?`22 �bbmKTiBQMb i?`Qm;?Qmi i?2 T�T2`X

�bbmKTiBQM k U_�M/QK b�KTH2VX 6Q` �Mv i ∈ {1, . . . , n}- i?2 p2+iQ` (Hi1, . . . , Hi7, X ′
i, Z

′
i, di1, . . . , di7)

′ Bb

`�M/QKHv /`�rM 7`QK i?2 TQTmH�iBQMX

�bbmKTiBQM j Uo�HB/ �M/ `2H2p�Mi BMbi`mK2Mi�H p�`B�#H2b BM r22FHv 2[m�iBQMVX �bbmK2 i?�i E(UiZi) = 0-

rankE(ZiZ ′
i) = q Uq ≥ pV- �M/ rankE(ZiX ′

i) = pX

�bbmKTiBQM 9 U.B�`v /�v b�KTHBM; T`Q#�#BHBivVX �bbmK2 i?�i 2�+? /�v Q7 � r22F ?�b � TQbBiBp2 T`Q#�#BHBiv

Q7 #2BM; b�KTH2/X h?�i Bb- 0 < Pr(dit = 1) < 1 7Q` 2�+? /�v t ∈ {1, . . . , 7}X

h?2Q`2K R UA/2MiB}+�iBQMVX lM/2` �bbmKTiBQMb R iQ 9- i?2 mMFMQrM T�`�K2i2`b β �`2 B/2MiB}2/ mbBM; i?2

�hla /�i�X

h?2Q`2K k U*QMbBbi2M+vVX lM/2` �bbmKTiBQMb R iQ 9- r2 ?�p2 i?�i β̂wk- β̂im- β̂pool- �M/ β̂day �HH +QMp2`;2

iQ β BM T`Q#�#BHBiv �b n → ∞X

_2K�`F 8 Uq2�F +QM/BiBQMb 7Q` +QMbBbi2M+v Q7 β̂dayVX q2 M22/ iQ TQBMi Qmi i?�i �HH i?2 2biBK�iQ`b r2

+QMbB/2`- BM+Hm/BM; i?2 /�v 2biBK�iQ`- �`2 +QMbBbi2Mi mM/2` i?2 r2�F2` �bbmKTiBQM i?�i E(UiZi) = 0 U�b@

Rk



bmKTiBQM jV- BMbi2�/ Q7 i?2 bi`QM;2` E(UitZi) = 0 U�bbmKTiBQM 8 #2HQrVX h?�i Bb- i?2 Ao QMHv M22/ iQ #2

p�HB/ 7Q` i?2 r22FHv H�#Q` bmTTHv 2[m�iBQM- �M/ MQi M2+2bb�`BHv bQ 7Q` 2�+? /�BHv QM2bX 1p2M B7 2�+? /�BHv

kaGa 2biBK�iQ` β̂t KB;?i #2 BM+QMbBbi2Mi 7Q` βt- i?2 /�v 2biBK�iQ` β̂day biBHH BbX

h?2 kaGa 2biBK�iQ` #�b2/ QM i?2 *Sa `2+�HH2/ r22FHv ?Qm`b- QM i?2 Qi?2` ?�M/- Bb BM ;2M2`�H BM+QMbBbi2MiX

h?Bb Bb �;�BM � r2HH FMQrM +QMb2[m2M+2 Q7 i?2 MQM+H�bbB+�H K2�bm`2K2Mi 2``Q` ei /2}M2/ BM 2[X URVXjy

hQ /2`Bp2 i?2 �bvKTiQiB+ /Bbi`B#miBQMb- Bi ?2HTb iQ +QMbB/2` i?2 ǳH }`bi bi�;2Ǵ r?2`2 i?2 TQi2MiB�H /�BHv

?Qm`b Hit �`2 `2;`2bb2/ QM i?2 Ao Zi,

Hit = Z ′
iαt + Vit, URyV

�M/ H2i Vt = (V1t, . . . , Vnt)′ /2MQi2 i?2 p2+iQ` Q7 T`QD2+iBQM `2bB/m�HbX "v +QMbi`m+iBQM- E(Vit) = 0 �M/

E(ZiVit) = 0X

hQ b?Qr i?2 `2H�iBp2 �bvKTiQiB+ 2{+B2M+v Q7 i?2 2biBK�iQ`b U72�bB#H2 �b r2HH �b i?2 BM72�bB#H2 #2M+?K�`FV-

r2 }`bi ;Bp2 i?2 7QHHQrBM; irQ i?2Q`2Kb Uh?2Q`2Kb j iQ 9VX q2 M22/ iQ 2KT?�bBx2 i?�i i?2v �`2 QMHv iQ b?Qr

i?2 `2H�iBp2 �bvKTiQiB+ 2{+B2M+v Q7 i?2 2biBK�iQ`b �M/ b?QmH/ MQi #2 mb2/ iQ +QKTmi2 i?2 bi�M/�`/ 2``Q`b

Q7 i?2 72�bB#H2 2biBK�iQ`b- bBM+2 i?2v BMpQHp2 p�`B�#H2b i?�i �`2 MQi Q#b2`p2/ BM i?2 /�i�X 62�bB#H2 bi�M/�`/

2``Q` 7Q`KmH�b rBHH #2 #�b2/ QM i?2 irQ i?2Q`2Kb i?�i 7QHHQr Uh?2Q`2Kb 8 iQ eVX .2}M2 A ≡ BC−1B′ rBi?

B ≡ E(XiZ ′
i) �M/ C ≡ E(ZiZ ′

i)- �M/ H2i rt = 1/Pr(dit = 1)X

h?2Q`2K j UAM72�bB#H2 "2M+?K�`FVX lM/2` �bbmKTiBQMb R iQ 9- r2 ?�p2 √
n(β̂wk − β)

d.→ N (0,Ωwk)- rBi?

Ωwk ≡ A−1BC−1E(ZiU
2
i Z

′
i)C

−1B′A−1. URRV

h?2Q`2K 9 U_2H�iBp2 �bvKTiQiB+ 1{+B2M+vVX lM/2` �bbmKTiBQMb R iQ 9- r2 ?�p2 i?2 7QHHQrBM; �bvKTiQiB+

MQ`K�HBiv `2bmHib,

UBV √
n(β̂im − β)

d.→ N (0,Ωim)- rBi? Ωim = Ωwk +Ωim−wk- r?2`2

Ωim−wk ≡ A−1BC−1
[ 7∑

t=1

(rt − 1)E(ZiV
2
itZ

′
i)− 2

∑

1≤t<τ≤7

E(ZiVitViτZ
′
i)
]
C−1B′A−1, URkV

�M/ Ωwk Bb i?2 BM72�bB#H2 �bvKTiQiB+ p�`B�M+2@+Qp�`B�M+2 K�i`Bt Q7 i?2 BM72�bB#H2 #2M+?K�`F 2biBK�iQ`

β̂wk /2}M2/ BM h?2Q`2K jc

jyh?2 T`Q#�#BHBiv HBKBi Q7 β̂CPS
wk ≡ (X′PzX)−1(X′PzHCPS)- i?2 kaGa 2biBK�iQ` #�b2/ QM i?2 *Sa r22FHv ?Qm`b- Bb β +

(E(XiZ′
i)[E(ZiZ′

i)]
−1E(ZiX′

i))
−1E(XiZ′

i)[E(ZiZ′
i)]

−1E(Ziei)- �M/ i?2 H�ii2` i2`K Bb BM ;2M2`�H MQi x2`Q- bBM+2 E(Ziei) #= 0
7Q` i?2 MQM+H�bbB+�H K2�bm`2K2Mi 2``Q` eiX

Rj



UBBV √
n(β̂pool − β)

d.→ N (0,Ωpool)- rBi? Ωpool = Ωim +Ωpool−im- r?2`2

Ωpool−im

≡A−1BC−1
[ 7∑

t=1

(rt − 1)E(Ziα
′
tZiZ

′
iαtZ

′
i)− 2

∑

1≤t<τ≤7

E(Ziα
′
tZiZ

′
iατZ

′
i)
]
C−1B′A−1; URjV

UBBBV √
n(β̂im − β̂wk)

d.→ N (0,Ωim −Ωwk)- ?2M+2 n(β̂im − β̂wk)′(Ωim −Ωwk)−1(β̂im − β̂wk) ∼ χ2(p)XjR

�b Bb +H2�`Hv b?QrM BM i?2 T`QQ7- #Qi? Ωim−wk �M/ Ωpool−im �`2 p�`B�M+2@+Qp�`B�M+2 K�i`B+2b Q7 bQK2

`�M/QK p2+iQ`b U?2M+2 TQbBiBp2 /2}MBi2V- r?B+? BM im`M BKTHB2b i?�i Ωpool ≥ Ωim ≥ ΩwkX �Hi?Qm;? i?2 TQQH

2biBK�iQ` Bb BMimBiBp2 �M/ +QMbBbi2Mi- i?2 BKTmi2 2biBK�iQ` Bb #2ii2` BM i2`Kb Q7 �bvKTiQiB+ 2{+B2M+vX

_2K�`F e U_2H�iBp2 2{+B2M+v Q7 β̂wkVX Ai Bb MQi bm`T`BbBM; i?�i i?2 BM72�bB#H2 2biBK�iQ` β̂wk Bb �bvKTiQiB+�HHv

i?2 KQbi 2{+B2Mi b?QmH/ i?2 i`m2 r22FHv ?Qm`b rQ`F2/ #2 Q#b2`p2/X h?2 2{+B2M+v /Bz2`2M+2 #2ir22M β̂wk

�M/ β̂im `2bmHib 7`QK i?2 7�+i i?�i β̂im QMHv miBHBx2b /B�`v /�v bm#b�KTH2b iQ BKTmi2 Ĥit U�M/ bmK Ĥit iQ ;2i

Ĥw
i V- r?BH2 β̂wk /B`2+iHv BKTmi2b Ĥw

i mbBM; i?2 2MiB`2 b�KTH2Xjk 6Q` i?Bb b�K2 `2�bQM- i?2 2{+B2M+v HQbb Q7

β̂im +QKT�`2/ iQ β̂wk /2T2M/b QM i?2 +Q``2H�iBQMb �KQM; i?2 /�BHv ?Qm`b 7Q` i?2 b�K2 BM/BpB/m�HXjj h?Bb +�M

#2 b22M 7`QK i?2 b2+QM/ i2`K BM i?2 b[m�`2 #`�+F2ib BM i?2 2tT`2bbBQM Q7 Ωim−wk BM h?2Q`2K 9UBVX

_2K�`F d U_2H�iBp2 2{+B2M+v Q7 β̂imVX h?2 �bvKTiQiB+ 2{+B2M+v ;�BM Q7 β̂im +QKT�`2/ iQ β̂pool KB;?i #2

H2bb 2tT2+i2/X "mi Bb �HbQ p2`v BMimBiBp2 Ĝ iQ BKTmi2 Ĥit- β̂im mb2b QMHv /�i� QM Hit- i?2 `2H2p�Mi /B�`v /�v

Q#b2`p�iBQMbX PM i?2 +QMi`�`v- β̂pool mb2b /�i� QM #Qi? Hit �M/ Hiτ Uτ *= tV- �M/ Hiτ Q#b2`p�iBQMb K2`2Hv �//

MQBb2- r?B+? `2bmHib BM � H2bb 2{+B2Mi 2biBK�iQ`X �M 2p2M H2bb Q#pBQmb TQBMi Bb i?�i i?2 bBx2 Q7 i?2 2{+B2M+v

;�T /2T2M/b QM i?2 /B�`v /�v b�KTHBM; r2B;?ibX AM i?2 2ti`2K2 +�b2 r?2`2 i?2`2 Bb MQ p�`B�iBQM BM /�BHv ?Qm`b

UBX2X- Hi1 = · · · = Hi7- �M/ ?2M+2 E(ZiVitVitZ ′
i) = E(ZiVitViτZ ′

i) �M/ E(Ziα′
tZiZ ′

iαtZ ′
i) = E(Ziα′

tZiZ ′
iατZ ′

i)

7Q` �HH t, τ = 1, . . . , 7V- QM2 KB;?i i?BMF i?�i Bi /Q2b MQi K�ii2` r?B+? /�v ;2ib bm`p2v2/- �M/ ?2M+2 i?2 TQQH

2biBK�iQ` Ubm#D2+i iQ b�KTHBM; r2B;?ib �/DmbiK2MiV bm{+2bX >Qr2p2`- T�`i UBBV Q7 h?2Q`2K 9 b?Qrb i?�i

7Q` Ωpool−im iQ #2 x2`Q- r2 M22/ 2[m�H b�KTHBM; r2B;?ib bQ i?�i rt = limn→∞ n/nt = 7 7Q` t = 1, . . . , 7X

Pi?2`rBb2 Ωpool > Ωim > Ωwk `2K�BMbX h?Bb K2�Mb i?�i- ;Bp2M i?2 b�KTHBM; r2B;?ib Q7 i?2 �hla /B�`v

/�vb UBX2X- r1 = r7 = 4 �M/ r2 = · · · r6 = 10V- i?2 BKTmi2 2biBK�iQ` rBHH #2 KQ`2 2{+B2Mi i?�M i?2 TQQH

2biBK�iQ` 2p2M r?2M i?2`2 Bb MQ p�`B�iBQM BM /�BHv ?Qm`bX
jR>2`2 r2 /Q MQi T`QpB/2 i?2 �bvKTiQiB+ p�`B�M+2 7Q` β̂day - #mi r2 rBHH T`QpB/2 �bvKTiQiB+ p�`B�M+2 7Q` β̂day �7i2` BKTQbBM;

�bbmKTiBQM 8X �bbmKTiBQM j QMHv ;m�`�Mi22b i?�i i?2 Aob �`2 p�HB/ 7Q` i?2 r22FHv H�#Q` bmTTHv 2[m�iBQM- #mi MQi M2+2bb�`BHv
7Q` i?2 /�BHv QM2b- bQ β̂t KB;?i #2 BM+QMbBbi2Mi 7Q` βt 7Q` bQK2 tX h?2 �bvKTiQiB+ /Bbi`B#miBQM Q7 Ao 2biBK�iQ`b- r?2M i?2 Aob
�`2 BMp�HB/- Bb p2`v +QKTHB+�i2/ BM ;2M2`�H U7Q` /2i�BHb- b22 EBpB2i �M/ LB2K+xvF- kyyNVX

jkLQi2 i?�i β̂wk = (X′PzX)−1(X′PzHw) = (X′PzPzX)−1(X′PzPzHw) = (X̂′X̂)−1(X̂′Ĥw) bBM+2 Pz Bb �M B/2KTQi2Mi
K�i`BtX

jjP` KQ`2 T`2+Bb2Hv- i?2 +Q``2H�iBQMb �KQM; i?2 `2bB/m�Hb �7i2` T`QD2+iBM; i?2 /�BHv ?Qm`b QM i?2 AobX

R9



_2K�`F 3 U>�mbK�M i2bi #2ir22M i?2 *Sa �M/ i?2 �hlaVX S�`i UBBBV Q7 h?2Q`2K 9 BM/B+�i2b i?�i r2

+�M i2bi i?2 T`2b2M+2 Q7 MQM+H�bbB+�H K2�bm`2K2Mi 2``Q`b BM i?2 `2+�HH2/ r22FHv ?Qm`b BM i?2 *Sa mbBM; i?2

>�mbK�M i2biX lM/2` i?2 MmHH ?vTQi?2bBb Q7 MQ MQM+H�bbB+�H K2�bm`2K2Mi 2``Q`b- i?2 kaGa #�b2/ QM i?2

`2+�HH2/ r22FHv ?Qm`b BM i?2 *Sa rBHH #2 +QMbBbi2Mi �M/ �b 2{+B2Mi �b i?2 r22F 2biBK�iQ` β̂wkc r?BH2 mM/2`

i?2 �Hi2`M�iBp2- bm+? kaGa rBHH #2 #B�b2/X AM #Qi? +�b2b- i?2 BKTmi2 2biBK�iQ` β̂im Bb +QMbBbi2Mi #mi H2bb

2{+B2MiX

1p2M i?Qm;? h?2Q`2K 9 +H2�`Hv `�MFb i?2 2biBK�iQ`b BM i2`Kb Q7 �bvKTiQiB+ `2H�iBp2 2{+B2M+v- Bi Bb

MQi p2`v BM7Q`K�iBp2 �#Qmi ?Qr iQ +QKTmi2 i?2 bi�M/�`/ 2``Q`b Q7 i?2 2biBK�iQ`bX h?2 `2�bQM Bb i?�i BM

h?2Q`2K 9- #Qi? E(ZiU2
i Z

′
i) BM Ωwk �M/ E(ZiVitViτZ ′

i) U1 ≤ t < τ ≤ 7V BM Ωim−wk K�F2 Bi b22K i?�i

QM2 M22/b iQ Q#b2`p2 i?2 b�K2 BM/BpB/m�Hb QM /Bz2`2Mi /�vb BM Q`/2` iQ 2biBK�i2 Ωim- �M/ i?2 �hla Bb

BM�/2[m�i2 BM i?Bb `2;�`/X 6Q`imM�i2Hv- i?2 �bvKTiQiB+ p�`B�M+2b Q7 β̂im �M/ β̂pool +�M #2 +QKTmi2/ rBi?Qmi

}`bi /2`BpBM; i?�i 7Q` i?2 BM72�bB#H2 β̂wk- r?B+? H2�/b iQ bi`�B;?i7Q`r�`/ 7Q`KmH�b 7Q` i?2 bi�M/�`/ 2``Q`b Q7

i?2 72�bB#H2 2biBK�iQ`bX am+? `2bmHib �`2 bmKK�`Bx2/ BM i?2 7QHHQrBM; i?2Q`2KX

h?2Q`2K 8 U�bvKTiQiB+ LQ`K�HBiv AVX lM/2` �bbmKTiBQMb R iQ 9- r2 ?�p2 i?2 7QHHQrBM; �bvKTiQiB+ MQ`@

K�HBiv `2bmHib,

UBV √
n(β̂im − β)

d.→ N (0,Ωim)- rBi?

Ωim ≡ A−1BC−1






7∑

t=1

rtE(ZiV
2
itZ

′
i) + E



Zi

(
Z ′
i

7∑

t=1

αt −X ′
iβ

)2

Z ′
i





+2
7∑

t=1

E

[
ZiVit

(
Z ′
i

7∑

t=1

αt −X ′
iβ

)
Z ′
i

]}
C−1B′A−1, UR9V

�M/ MQi2 i?�i Ωim BM 2[X UR9V 2[m�Hb iQ i?�i ;Bp2M BM h?2Q`2K 9UBVc

UBBV √
n(β̂pool − β)

d.→ N (0,Ωpool)- rBi?

Ωpool ≡ A−1BC−1

{
7∑

t=1

rtE
(
ZiV

2
itZ

′
i

)
+

7∑

t=1

rtE(Ziα
′
tZiZ

′
iαtZ

′
i)

+ E (Ziβ
′XiX

′
iβZ

′
i)− 2

7∑

t=1

E [Ziα
′
tZiX

′
iβZ

′
i]

+2
7∑

t=1

E

[
ZiVit

(
Z ′
i

7∑

t=1

αt −X ′
iβ

)
Z ′
i

]}
C−1B′A−1, UR8V

�M/ MQi2 i?�i Ωpool BM 2[X UR8V 2[m�Hb iQ i?�i ;Bp2M BM h?2Q`2K 9UBBVX

hQ /2`Bp2 i?2 �bvKTiQiB+ MQ`K�HBiv 7Q` i?2 /�v 2biBK�iQ`- Bi Bb M2+2bb�`v iQ K�F2 �M �//BiBQM�H �bbmKT@

R8



iBQMX

�bbmKTiBQM 8 UAMbi`mK2Mi�H p�`B�#H2b BM /�BHv 2[m�iBQMbVX �bbmK2 i?�i E(UitZi) = 0 7Q` �HH t = 1, . . . , 7-

i?�i Bb- i?2 BMbi`mK2Mi�H p�`B�#H2b �`2 p�HB/ BM i?2 /�BHv H�#Q` bmTTHv 2[m�iBQMbX

h?2Q`2K e U�bvKTiQiB+ LQ`K�HBiv AAVX lM/2` �bbmKTiBQMb R iQ 8- r2 ?�p2,

UBV √
n(β̂day − β)

d.→ N (0,Ωday)- rBi?

Ωday ≡ A−1BC−1

[
7∑

t=1

rtE(ZiU
2
itZ

′
i)

]
C−1B′A−1; UReV

UBBV h?2 �bvKTiQiB+ 2{+B2M+v ;�T #2ir22M i?2 �bvKTiQiB+ p�`B�M+2b Q7 β̂day �M/ β̂im Bb

Ωday −Ωim = A−1BC−1

[ 7∑

t=1

(rt − 1)E[Zi(Uit + Vit)(Uit − Vit)Z
′
i]

−
∑

t &=τ

E[Zi(Uit + Vit)(Uiτ − Viτ )Z
′
i]

]
C−1B′A−1. URdV

h?2Q`2K eUBBV `2p2�Hb i?�i i?2`2 Bb MQ ;2M2`�H 2{+B2M+v `�MFBM; #2ir22M β̂day �M/ i?2 Qi?2` irQ 72�bB#H2

2biBK�iQ`bX *QMi`�`v iQ h?2Q`2K k- i?2 �bvKTiQiB+ MQ`K�HBiv Q7 i?2 /�v 2biBK�iQ` β̂day /Q2b `2[mB`2 �

bi`QM;2` +QM/BiBQM i?�M i?2 Qi?2` 2biBK�iQ`b- BX2X- �bbmKTiBQM 8X h?2 `2�bQM +�M #2 b22M 7`QK 2[X UReV-

r?2`2 Uit- i?2 2``Q` i2`K BM i?2 /�BHv H�#Q` bmTTHv 2[m�iBQM TH�vb � +2Mi`�H `QH2X AM �//BiBQM- Uit BM 2[X UReV

+�MMQi #2 +QMbBbi2MiHv 2biBK�i2/ B7 �bbmKTiBQM 8 7�BHb iQ ?QH/ bBM+2 βt �`2 MQi +QMbBbi2MiHv 2biBK�#H2 BM i?Bb

+�b2- i?2M i?2 bi�M/�`/ 2``Q` Q7 β̂day rBHH MQi #2 72�bB#H2 iQ +QKTmi2 mbBM; i?2 �hla /�i�X

_2K�`F N Uai`QM;2` +QM/BiBQMb 7Q` �bvKTiQiB+ MQ`K�HBiv Q7 β̂dayVX h?2 /BbiBM+iBQM r?2i?2` �bbmKTiBQM 8

Bb �bbmK2/ +QmH/ #2 +QMb2[m2MiB�H BM +2`i�BM +QMi2tibX 6Q` 2t�KTH2- :QH/BM UkyR9- TTX RyNRV 7QmM/ i?�i

ǳ}`Kb Ę/BbT`QTQ`iBQM�i2Hv `2r�`/ BM/BpB/m�Hb r?Q H�#Q`2/ HQM; ?Qm`b �M/ rQ`F2/ T�`iB+mH�` ?Qm`bǴ- �M/ i?Bb

Bb `2bTQMbB#H2 7Q` � MQiB+2�#H2 T`QTQ`iBQM Q7 ;2M/2` ;�T BM T�vX AM Qi?2` rQ`/b- +QKT�`BM; irQ rQ`F2`b r?Q

?�p2 i?2 b�K2 mMQ#b2`p2/ 7�+iQ`b i?�i /2i2`KBM2 i?2 r22FHv ?Qm`b rQ`F2/ UBX2X- i?2 b�K2 UiV- i?2 QM2 r?Q

rQ`Fb � `2;mH�` b+?2/mH2 UQ` +�M K22i +HB2Mib /m`BM; T�`iB+mH�` T2`BQ/b- Q` +�M rQ`F r?2M 2p2`v#Q/v 2Hb2 /Q2b-

2i+XV i2M/b iQ #2 T�B/ rBi? � ?B;?2` ?Qm`Hv r�;2 i?�M i?2 QM2 r?Q rQ`Fb � ~2tB#H2 b+?2/mH2X h?2 �bbQ+B�iBQM

#2ir22M ~2tB#H2 b+?2/mH2 UBX2X- mM2p2M �HHQ+�iBQM Q7 Uit �KQM; b2p2M /�vbV �M/ HQr2` r�;2 UBX2X- XiV BM im`M

BKTHB2b i?�i �M Ao i?�i Bb p�HB/ 7Q` i?2 r22FHv H�#Q` bmTTHv 2[m�iBQM Bb r2HH HBF2Hv iQ #2 BMp�HB/ 7Q` i?2 /�BHv

2[m�iBQMbX

_2K�`F Ry U_2H�iBp2 2{+B2M+v Q7 β̂dayVX AM amTTH2K2Mi�`v �TT2M/Bt " U7QHHQrBM; i?2 T`QQ7 Q7 h?2Q`2K e-

r2 b?Qr i?�i i?2 bB;M Q7 Ωday − Ωim Bb MQi /2}MBi2 UKB;?i #2 TQbBiBp2 Q` M2;�iBp2V- BM/B+�iBM; i?�i i?2`2 Bb

Re



MQ }t2/ �bvKTiQiB+ 2{+B2M+v `�MFBM; #2ir22M β̂day �M/ β̂imX h?2 bB;M Q7 Ωday −Ωim /2T2M/b QM � MmK#2`

Q7 7�+iQ`b- r?B+? rBHH #2 /2i�BH2/ BM amTTH2K2Mi�`v �TT2M/Bt "X PM2 +�M 2�bBHv +QMbi`m+i 2t�KTH2b r?2`2

Ωday ≥ Ωim Q` i?2 QTTQbBi2Xj9

_2K�`F RR U� o�`B�iBQM Q7 β̂dayVX �M �MQMvKQmb `272`22 bm;;2bi2/ � p�`B�iBQM Q7 i?2 /�v 2biBK�iQ`- r?B+?

r2 /2MQi2 �b β̃day �M/ Bb +QKTmi2/ mbBM; i?2 �hla /�i� #v i?2 7QHHQrBM; bi2Tb,

RX UǳX }`bi bi�;2ǴV _2;`2bb Xi QM Zi mbBM; i?2 2MiB`2 b�KTH2 �M/ i�F2 i?2 }ii2/ p�Hm2b X̂ic

kX Uǳ.�BHv b2+QM/ bi�;2ǴV 6Q` 2�+? /B�`v /�v t- `2;`2bb HATUS
i UBX2X- HitiV QM X̂i mbBM; i?2 bm#b�KTH2

dit = 1 iQ ;2i β̃t- �M/ H2i β̃day ≡
∑7

t=1 β̃tX

h?Bb 2biBK�iQ` Bb �TT2�HBM; 7Q` irQ 2pB/2Mi `2�bQMb, }`bi- +QKT�`2/ iQ i?2 BKTmi2 2biBK�iQ`- β̃day /Q2b

MQi M22/ iQ BKTmi2 Ĥw
i �M/ b�p2b +QKTmi�iBQM�H #m`/2Mc b2+QM/- +QKT�`2/ iQ i?2 /�v 2biBK�iQ`- β̃day BKTmi2b

X̂i mbBM; i?2 2MiB`2 b�KTH2 �M/ b?QmH/ #2 KQ`2 bi�#H2 BM bK�HH b�KTH2bX AM amTTH2K2Mi�`v �TT2M/Bt "- r2

rBHH T`Qp2 i?�i β̃day Bb �bvKTiQiB+�HHv 2[mBp�H2Mi iQ β̂im mM/2` �bbmKTiBQMb R iQ 8X

aBM+2 β̃day +QMbBbib Q7 b2p2M /�BHv 2H�biB+Biv 2biBK�iQ`b β̃t- Bib �bvKTiQiB+ MQ`K�HBiv `2[mB`2b �bbmKTiBQM 8-

r?B+? r2 2tTH�BM2/ BM _2K�`F N KB;?i #2 iQQ `2bi`B+iBp2 BM bQK2 +�b2bX 6Q` i?Bb `2�bQM- r2 #2HB2p2 i?�i i?2

BKTmi2 2biBK�iQ` β̂im Bb bHB;?iHv KQ`2 p2`b�iBH2X A7 � `2b2�`+?2` Bb +QMpBM+2/ i?�i �bbmKTiBQM 8 Bb TH�mbB#H2

BM ?2` T�`iB+mH�` bim/v- i?2M β̃day Bb bBKTH2` iQ +QKTmi2 �M/ T2`7Q`Kb 2[m�HHv r2HH �b β̂im BM H�`;2 b�KTH2bXj8

h?2 �bvKTiQiB+ p�`B�M+2 7Q`KmH�b BM h?2Q`2K 8 �M/ h?2Q`2K e H2�/ iQ 2�bv@iQ@+QKTmi2 bi�M/�`/ 2``Q`b

7Q` β̂im- β̂pool �M/ β̂dayX hQ BMi`Q/m+2 i?2K- r2 M22/ bQK2 MQi�iBQMX

G2i An ≡ n−1
∑n

i=1 X̂iX̂ ′
i- Bn ≡ n−1

∑n
i=1 XiZ ′

i �M/ Cn ≡ n−1
∑n

i=1 ZiZ ′
iX G2i α̂t #2 i?2 PGa 2biBK�i2b

Q7 αt BM i?2 ǳH }`bi bi�;2Ǵ 2[X URyV mbBM; i?2 bm#b�KTH2 7Q` /B�`v /�v t- �M/ H2i V̂it /2MQi2 i?2 `2bB/m�HbX G2i

Ûit = Hit −X ′
iβ̂t /2MQi2 i?2 `2bB/m�Hb Q7 i?2 /�BHv H�#Q` bmTTHv 2[X UdV mbBM; i?2 bm#b�KTH2 7Q` /B�`v /�v tX

lbBM; i?Bb MQi�iBQM- r2 /2}M2

Ω̂im ≡ A−1
n BnC

−1
n






7∑

t=1

rnt

(
1

nt

n∑

i=1

ditZiV̂
2
itZ

′
i

)
+



 1

n

n∑

i=1

Zi

(
Z ′
i

7∑

t=1

α̂t −X ′
iβ̂im

)2

Z ′
i





+2
7∑

t=1

[
1

nt

n∑

i=1

ditZiV̂it

(
Z ′
i

7∑

s=1

α̂s −X ′
iβ̂im

)
Z ′
i

]}
C−1

n B′
nA

−1
n , UR3V

Ω̂pool ≡ A−1
n BnC

−1
n

{
7∑

t=1

rnt

(
1

nt

n∑

i=1

ditZiV̂
2
itZ

′
i

)
+

7∑

t=1

rnt

(
1

n

n∑

i=1

Ziα̂
′
tZiZ

′
iα̂tZ

′
i

)

j9AMbTB`2/ #v �M �MQMvKQmb `272`22- r2 +QM/m+i2/ bBKTH2 bBKmH�iBQM 2tT2`BK2Mib iQ /2KQMbi`�i2 #Qi? +�b2bX h?2b2 `2bmHib
�`2 MQi `2TQ`i2/ #mi �p�BH�#H2 mTQM `2[m2biX

j8AM i?2 .hla@#�b2/ bBKmH�iBQMb BM a2+iBQM 9XR- r?2`2 �bbmKTiBQM 8 Bb b�iBb}2/- i?2 T2`7Q`K�M+2 Q7 β̃day Bb �HKQbi B/2MiB+�H
iQ β̂imX

Rd



+

(
1

n

n∑

i=1

Ziβ̂
′
poolXiX

′
iβ̂poolZ

′
i

)
− 2

7∑

t=1

[
1

n

n∑

i=1

Ziα̂
′
tZiX

′
iβ̂poolZ

′
i

]

+2
7∑

t=1

[
1

nt

n∑

i=1

ditZiV̂it

(
Z ′
i

7∑

s=1

α̂s −X ′
iβ̂im

)
Z ′
i

]}
C−1

n B′
nA

−1
n , URNV

Ω̂day ≡ A−1
n BnC

−1
n

[
7∑

t=1

rnt

(
1

nt

n∑

i=1

ditZiÛ
2
itZ

′
i

)]
C−1

n B′
nA

−1
n . UkyV

h?2Q`2K d Uai�M/�`/ 2``Q`bVX lM/2` �bbmKTiBQMb R iQ 9- r2 ?�p2 i?2 7QHHQrBM; `2bmHib, UBV Ω̂im
p.−→ Ωimc

UBBV Ω̂pool
p.−→ ΩpoolX A7 BM �//BiBQM r2 �bbmK2 �bbmKTiBQM 8 ?QH/b- i?2M r2 �HbQ ?�p2 Ω̂day

p.−→ ΩdayX

_2K�`F Rk Uai�M/�`/ 2``Q` Q7 β̂poolVX PM2 K�v #2 BM+HBM2/ iQ +QKTmi2 i?2 bi�M/�`/ 2``Q` Q7 i?2 TQQH

2biBK�iQ` β̂pool mbBM; bi`�iB}+�iBQM 7Q`KmH� U7Q` 2t�KTH2- 2[X UkyX3V BM qQQH/`B/;2- kyRyV- T`QpB/2/ i?�i i?2

b�KTHBM; r2B;?ib �`2 �/Dmbi2/ 7Q`Xje "mi r2 M22/ iQ TQBMi Qmi i?�i 2[X UeV Bb +QM+2Tim�HHv �M/ K�i?2K�iB+�HHv

/Bz2`2Mi 7`QK �/DmbiBM; 7Q` i?2 r2B;?ib BM bi`�iB}2/ b�KTHBM; /2bB;Mb- r?2`2 rnt- i?2 BMp2`b2 Q7 i?2 b�KTHBM;

r2B;?i 2Mi2`b #Qi? i?2 MmK2`�iQ` �M/ i?2 /2MQKBM�iQ` Q7 i?2 2biBK�iQ`- r?BH2 rnt 2Mi2`b Qm` β̂pool QMHv BM

i?2 MmK2`�iQ`X

9 G2bbQMb 7`QK i?2 .mi+? hBK2 lb2 am`p2v

h?2 b�KTH2 r2 mb2 BM i?Bb b2+iBQM +QMbBbib Q7 BM/BpB/m�Hb 7`QK i?2 .hla Ub22 6Bb?2` 2i �HX- kyR3- 7Q` /2i�BHbV

�;2/ #2ir22M k8 �M/ 89 bm`p2v2/ BM RN3y- RN38- RNNy- RNN8- kyyy �M/ kyy8- r?Qb2 `2+�HH2/ ?Qm`b �M/ `2+Q`/2/

/B�`v ?Qm`b �`2 #Qi? TQbBiBp2X h?2 2MiB`2 b�KTH2 +QMi�BMb e-8ed BM/BpB/m�H@v2�` `2+Q`/bX

9XR aBKmH�iBQMb

"�b2/ QM i?2 .hla /�i�- r2 /2bB;M � bBKmH�iBQM bim/v iQ +QKT�`2 i?2 }MBi2 b�KTH2 T2`7Q`K�M+2 Q7 i?2

2biBK�iQ`b /Bb+mbb2/ T`2pBQmbHvX h?2 MB+2 i?BM; �#Qmi i?2 .hla Bb i?�i Bi +QMi�BMb *Sa@ivT2 `2+�HH2/ r22FHv

?Qm`b- �b r2HH �b /�BHv /B�`v ?Qm`b 7Q` �M 2MiB`2 r22FX �b � `2bmHi- r2 �`2 �#H2 iQ +QKTmi2 i?2 r22F 2biBK�iQ`

β̂wk- r?B+? rQmH/ ?�p2 #22M BKTQbbB#H2 7Q` i?2 �hlaX

:Bp2M i?2 /�BHv ?Qm`b rQ`F2/ HDTUS
it Ut = 1, . . . , 7V BM i?2 .hla- r2 ;2M2`�i2 � bBM;H2 2M/Q;2MQmb

`2;`2bbQ` X̃i �M/ � bBM;H2 BMbi`mK2Mi�H p�`B�#H2 Z̃i bm+? i?�i 2[X UdV Bb b�iBb}2/ rBi? Xi = (1, X̃i)′- Zi =

(1, Z̃i)′- Corr(Uit, Zi) = 0 7Q` t = 1, . . . , 7X AM T�`iB+mH�`- H2i HDTUS /2MQi2 i?2 n× 7 K�i`Bt rBi? 2H2K2Mib

HDTUS
it - �M/ H2i T1, . . . , T7 #2 i?2 T`BM+BT�H +QKTQM2Mib Q7 HDTUS X q2 b2i Z̃i iQ #2 i?2 }`bi T`BM+BT�H

+QKTQM2Mi Q7 HDTUS - BX2X- Z̃ = T1X hQ BMi`Q/m+2 i?2 2M/Q;2M2Biv- r2 ;2M2`�i2 �M n×7 K�i`Bt Q7 BM/2T2M/2Mi
jeAM 7�+i- iQ i?2 #2bi Q7 Qm` FMQrH2/;2- i?2 +m``2Mi HBi2`�im`2 mbBM; i?2 �hla Bb MQi 2tTHB+Bi �#Qmi r?2i?2` �M/ ?Qr i?2

/B�`v /�v b�KTHBM; T`Q#�#BHBiB2b �`2 �/Dmbi2/ 7Q` Ub22- 7Q` 2t�KTH2- 6`�xBb �M/ ai2r�`i- kyRkc "�``2ii �M/ >�K2`K2b?- kyRNVX
q2 /Q MQi r�Mi iQ bT2+mH�i2 ?Qr i?2 bi�M/�`/ 2``Q` Bb +QKTmi2/ BM i?2 HBi2`�im`2- �M/ ?2`2 r2 QMHv #�b2 Qm` /Bb+mbbBQM QM i?2
7Q`KmH� Q7 β̂pool BM 2[X UeVX

R3



`�M/QK p�`B�#H2b 7`QK N(0, 2)-jd /2MQi2/ #v V X h?2M r2 b2i Hit = HDTUS
it + Vit �M/ X̃i = Z̃i + ρ

∑7
t=1 Vit

7Q` i = 1, . . . , n �M/ t = 1, . . . 7X h?2 i`m2 T�`�K2i2`b βt �`2 i?2`27Q`2 Dmbi i?2 r2B;?ib BM Ht Ut = 1, . . . , 7V

�bbQ+B�i2/ rBi? i?2 }`bi T`BM+BT�H +QKTQM2MiX h?2 i`m2 p�Hm2 Q7 β BM 2[X U9V Bb 2.2694Xj3 "v p�`vBM; ρ- r2

p�`v Corr(X̃i, Ui)- i?2 /2;`22 Q7 2M/Q;2M2Biv Q7 i?2 `2;`2bbQ` X̃iX q?2M ρ = 0- i?2 `2;`2bbQ` Bb 2tQ;2MQmb- �M/

r2 i`v Qi?2` p�Hm2b Q7 ρ bm+? i?�i Corr(X̃i, Ui) ∈ {0, 0.25, 0.5, 0.75}X LQi2 i?�i �b ρ BM+`2�b2b- i?2 bi`2M;i?

Q7 i?2 Ao �HbQ /2+`2�b2bX 6Q` i?2 �#Qp2 p�Hm2b Q7 ρ- Corr(X̃i, Z̃i) 2[m�Hb 1- 0.95- 0.80 �M/ 0.43- `2bT2+iBp2HvX

hQ 2p�Hm�i2 i?2 }MBi2 b�KTH2 T2`7Q`K�M+2 Q7 i?2 p�`BQmb 2biBK�iQ`b +QMbB/2`2/ BM a2+iBQM j- r2 `�M/QKHv

/`�r � bm#b�KTH2 Q7 bBx2 n ∈ {250, 500, 1000, 2500}X h?2M r2 ;2M2`�i2 }+iBiBQmb �hla@ivT2 b�KTH2b #v

`�M/QKHv +?QQbBM; QMHv QM2 /�v 7Q` 2�+? BM/BpB/m�H BM i?2 /`�rM bm#b�KTH2b mbBM; i?2 /B�`v /�v b�KTHBM;

r2B;?ib Q7 i?2 �hlaXjN q2 `2T2�i i?2 2tT2`BK2Mi 10, 000 iBK2b- �M/ h�#H2 R `2TQ`ib i?2 K2�M b[m�`2/

2``Q`b UJa1V- b[m�`2/ #B�b2b �M/ p�`B�M+2b 7Q` �HH 2biBK�iQ`bX

aQK2 T�ii2`Mb �`2 �TT�`2MiX 6B`bi- i?2 mbm�H kaGa 2biBK�iQ` mbBM; i?2 *Sa@ivT2 `2+�HH2/ r22FHv ?Qm`b-

β̂re- ?�b i?2 H�`;2bi Ja1 BM �HKQbi �HH T�`�K2i2`Bx�iBQMb- r?B+? Bb `Qm;?Hv i2M iBK2b H�`;2` i?�M i?2 K�tBKmK

�KQM; �HH i?2 Qi?2` 2biBK�iQ`bX h?2 H�`;2 Ja1 Bb M2�`Hv 2MiB`2Hv /`Bp2M #v i?2 H�`;2 #B�b- r?B+? Bb BM im`M �

`2bmHi Q7 MQM+H�bbB+�H K2�bm`2K2Mi 2``Q` BM i?2 *Sa@ivT2 `2+�HH2/ r22FHv ?Qm`bX "2HQr r2 rBHH BHHmbi`�i2 i?Bb

MQM+H�bbB+�H K2�bm`2K2Mi 2``Q` mbBM; i?2 .hla /�i� BM 6B;m`2 kX a2+QM/- 7Q` �HKQbi �HH T�`�K2i2`Bx�iBQMb-

i?2 #B�b2b Q7 �HH i?2 2biBK�iQ`b #�b2/ QM i?2 /B�`v ?Qm`b �`2 M2;HB;B#H2- �M/ i?2 /Bz2`2M+2b BM i?2 T2`7Q`K�M+2

Q7 β̂wk- β̂im- β̂pool �M/ β̂day `2bB/2 BM 2{+B2M+v �M/ `Q#mbiM2bbX h?B`/- bBM+2 i?2 BM72�bB#H2 r22F 2biBK�iQ`

β̂wk mb2b i?2 /B�`B2b Q7 �M 2MiB`2 r22F- Bi Bb Km+? KQ`2 2{+B2Mi i?�M i?2 Qi?2`bX h?Bb p2`B}2b i?2 `2bmHi Q7

h?2Q`2K 9UBVX 6Qm`i?- i?2 BKTmi2 2biBK�iQ` β̂im Bb KQ`2 2{+B2Mi i?�M β̂pool �M/ β̂day BM �HH T�`�K2i2`Bx�iBQMbX

�;�BM- i?Bb p2`B}2b i?2 `2bmHi Q7 h?2Q`2K 9UBBVX 6B7i?- r?2M i?2 `2;`2bbQ` Bb 2tQ;2MQmb- β̂im �M/ β̂day T2`7Q`K

2[m�HHv r2HHX aBti?- i?2 Ja1- #B�b2b �M/ p�`B�M+2b Q7 β̃day /Bb+mbb2/ BM _2K�`F RR Bb �HKQbi B/2MiB+�H UMQi

`2TQ`i2/V iQ i?Qb2 Q7 β̂im- bBM+2 �bbmKTiBQM 8 Bb b�iBb}2/ ?2`2X h?Bb Bb #2+�mb2- �b K2MiBQM2/ BM _2K�`F j-

i?2 irQ 2biBK�iQ`b �`2 MmK2`B+�HHv B/2MiB+�H BM i?Bb +�b2X G�bi #mi MQi H2�bi- i?2 /�v 2biBK�iQ` β̂day �TT2�`b

iQ #2 mMbi�#H2- 2bT2+B�HHv r?2M i?2 b�KTH2 bBx2 Bb bK�HH2` �M/ r?2M i?2 Ao Bb r2�F2`X h?2 `2�bQM Bb i?�i

β̂day `2HB2b QM i?2 /�BHv kaGa 2biBK�iQ`b β̂tX q?2M i?2 b�KTH2 bBx2 Bb bK�HH- i?2 2z2+iBp2 b�KTH2 bBx2 7Q` 2�+?

/�v ;2ib 2p2M bK�HH2`- �M/ i�FBM; i?2 BMp2`b2 Q7 i?2 b�KTH2 �p2`�;2 K�i`B+2b K�;MB}2b i?2 b�KTHBM; 2``Q`b

bm#bi�MiB�HHvX9y

jdam+? i?�i Var(Ui) ≈ Var(T1) BM i?2 2tQ;2MQmb `2;`2bbQ` +�b2X
j3β1 = 0.0007- β2 = 0.4379- β3 = 0.4554- β4 = 0.4576- β5 = 0.4528- β6 = 0.4304 �M/ β7 = 0.0346X
jNh?�i Bb- i?2 T`Q#�#BHBiv Q7 #2BM; /`�rM Bb 0.25 7Q` t = 1 UamM/�vbV �M/ t = 7 Ua�im`/�vbV- �M/ 0.1 7Q` i?2 Qi?2`bX
9yq2 �HbQ +QM/m+i i?2 b�K2 bBKmH�iBQMb #�b2/ QMHv QM i?2 }p2 r22F/�vb BM i?2 .hlaX h?2 `2bmHib �`2 [m�HBi�iBp2Hv i?2 b�K2

�M/ �`2 `2TQ`i2/ BM h�#H2 �XR BM amTTH2K2Mi�`v �TT2M/Bt �X

RN



9Xk G�#Q` amTTHv 1H�biB+Biv 1biBK�i2b

AM i?Bb b2+iBQM- r2 BHHmbi`�i2 i?2 2KTB`B+�H BKT�+ib QM i?2 H�#Q` bmTTHv 2H�biB+Biv 2biBK�i2b Q7 #Qi? MQM+H�bbB+�H

K2�bm`2K2Mi 2``Q`b �M/ iBK2 bT2+B}+Biv mbBM; i?2 .hlaX

6B;m`2 k b?Qrb i?2 K2�bm`2K2Mi 2``Q` BM i?2 `2+�HH2/ r22FHv ?Qm`b rQ`F2/ BM i?2 .mi+? /�i�X h?2

ǳK2�bm`2K2Mi 2``Q`Ǵ BM 6B;m`2 k 2[m�Hb i?2 `2+�HH2/ r22FHv ?Qm`b rQ`F2/ KBMmb i?2 r22FHv ?Qm`b rQ`F2/

7`QK i?2 b2p2M@/�v /B�`B2b BM i?2 .hlaX9R A7 i?2 `2+�HH2/ ?Qm`b rQ`F2/ /Q MQi ?�p2 MQM+H�bbB+�H K2�bm`2K2Mi

2``Q`- i?2M i?2 K2�bm`2K2Mi 2``Q` BM 6B;m`2 k rQmH/ #2 mM+Q``2H�i2/ rBi? i?2 r22FHv ?Qm`b 7`QK i?2 b2p2M@

/�v /B�`B2bX S�M2H � Q7 6B;m`2 k bm;;2bib i?2 QTTQbBi2, i?2 K2�bm`2K2Mi 2``Q` BM i?2 `2+�HH2/ ?Qm`b Bb

M2;�iBp2Hv +Q``2H�i2/ rBi? i?2 ?Qm`b 7`QK iBK2 mb2 bm`p2vX Aib F2`M2H /2MbBiv UT�M2H " Q7 6B;m`2 kV bm;;2bib

i?�i KQ`2 T2QTH2 Qp2`bi�i2 i?2 `2+�HH2/ ?Qm`b rQ`F2/ i?�M mM/2`bi�i2X h?2 M2;�iBp2 +Q``2H�iBQM #2ir22M i?2

K2�bm`2K2Mi 2``Q` �M/ i?2 i`m2 ?Qm`b rQ`F2/ +QBM+B/2b rBi? i?2 Q#b2`p�iBQM K�/2 #v "QmM/ 2i �HX URN3NV

�#Qmi i?2 SaA.X

q2 2biBK�i2 i?2 H�#Q` bmTTHv 2H�biB+BiB2b mbBM; i?2 7QHHQrBM; KQ/2H-

Hw
i = β0 + β1kidsi + β2edui + β′

3Xi + Ui, UkRV

r?2`2 kidsi Bb i?2 MmK#2` Q7 FB/b �;2/ mM/2` 18- edui BM+Hm/2b irQ /mKKv p�`B�#H2b- QM2 7Q` +QKTH2iBM;

b2+QM/�`v 2/m+�iBQM �M/ i?2 Qi?2` 7Q` ?B;?2` i?�M b2+QM/�`v 2/m+�iBQM- �M/ Xi Bb � p2+iQ` Q7 +QMi`QH p�`B�#H2b-

BM+Hm/BM; �;2- �;2@b[m�`2/- � /mKKv Q7 rQ`FBM; BM T`Bp�i2 b2+iQ`- �M m`#�M �`2� /mKKv- �M/ v2�` /mKKB2bX

h�#H2 k b?Qrb i?2 2z2+ib Q7 i?2 MmK#2` Q7 +?BH/`2M �M/ 2/m+�iBQM QM H�#Q` bmTTHvX q2 mb2 #Qi? i?2

`2+�HH2/ r22FHv ?Qm`b rQ`F2/ Uβ̂reV �M/ i?2 b2p2M@/�v /B�`v ?Qm`b Uβ̂wkV �b i?2 /2T2M/2Mi p�`B�#H2X q2 �HbQ

`�M/QKHv /`�r QM2 /�v 7Q` 2�+? `2bTQM/2Mi- i?2M �TTHv Qm` BKTmi2 2biBK�iQ` Uβ̂imVX 6Q` #Qi? K�``B2/ K2M

�M/ K�``B2/ rQK2M- β̂re �`2 +QMbB/2`�#Hv /Bz2`2Mi 7`QK β̂wk �M/ β̂im- rBi? /Bz2`2Mi bB;Mb r?2M bB;MB}+�MiX

AM i?2 K2�MiBK2- i?2 H�ii2` irQ �Hr�vb ?�p2 i?2 b�K2 bB;Mb- 2p2M i?Qm;? i?2 K�;MBim/2b K�v /Bz2`X q2

+QM/m+i DQBMi >�mbK�M i2bib 7Q` i?2 i?`22 +Q2{+B2Mib BM i?2 i�#H2 #2ir22M β̂re �M/ β̂im- �M/ #2ir22M β̂wk

�M/ β̂imX 6Q` #Qi? K�``B2/ rQK2M �M/ K�``B2/ K2M- i?2 >�mbK�M i2bib `2D2+i i?2 MmHH ?vTQi?2b2b β̂re = β̂im

#mi /Q MQi `2D2+i β̂wk = β̂imX

"�b2/ QM i?2 iBK2 mb2 bm`p2v ?Qm`b- #Qi? β̂wk �M/ β̂im BM/B+�i2 i?�i i?2 2z2+ib QM K�``B2/ rQK2MǶb

H�#Q` bmTTHv �`2 bB;MB}+�MiHv M2;�iBp2 7Q` KQ`2 +?BH/`2M �M/ bB;MB}+�MiHv TQbBiBp2 7Q` ?B;?2` 2/m+�iBQMX h?2

`2+�HH2/ ?Qm`b- QM i?2 Qi?2` ?�M/- T`Q/m+2 β̂re 2biBK�i2b i?�i �`2 iQQ MQBbv iQ /`�r � +QM+HmbBQMX
9RAM i?2 .hla- i?2 `2+�HH2/ r22FHv ?Qm`b +QK#BM2 i?`22 [m2biBQMb BM i?2 bm`p2v, URV ?Qm`b rQ`F2/ BM i?2 T`2pBQmb r22Fc UkV

mbm�H r22FHv ?Qm`b rQ`F2/ BM i?2 T`2pBQmb v2�`c Q` UjV i?2 b2p2M@/�v /B�`v ?Qm`bX h?2 �Mbr2` iQ i?2 M2ti [m2biBQM rBHH #2
mb2/ B7 i?2 `2bTQM/2Mib �`2 mM�#H2 iQ �Mbr2` i?2 T`2pBQmb [m2biBQMUbV- #mi Bi Bb MQi BM/B+�i2/ i?2 �Mbr2` iQ r?B+? [m2biBQM r�b
�+im�HHv mb2/ 7Q` 2�+? BM/BpB/m�HX S`Q#�#Hv /m2 iQ i?Bb- K�Mv `2bTQM/2Mib BM i?2 .hla 2t?B#Bi ǳx2`Q K2�bm`2K2Mi 2``Q`bǴ BM
i?2 `2+�HH2/ r22FHv ?Qm`bX

ky



8 *QKT�`BM; G�#Q` amTTHv 1H�biB+Biv 1biBK�i2b lbBM; i?2 �hla �M/ i?2 *Sa

AM i?Bb b2+iBQM- r2 +QKT�`2 i?2 H�#Q` bmTTHv 2H�biB+Biv 2biBK�i2b `2bmHi2/ 7`QK i?2 *Sa `2+�HH2/ r22FHv ?Qm`b

�M/ i?2 �hla /�BHv /B�`v ?Qm`bX

8XR 1KTB`B+�H a�KTH2 �M/ amKK�`v ai�iBbiB+b

h?2 /�i� �`2 7`QK i?2 kyyjĜkyRd �hla U>Qz2`i? 2i �HX- kyR3VX �b K2MiBQM2/ BM a2+iBQM k- i?2 �hla

b�KTH2 Bb `�M/QKHv /`�rM 7`QK i?2 Qmi;QBM; `Qi�iBQM ;`QmT Q7 i?2 *Sa `2bTQM/2MibX9k h?2`27Q`2- 7Q` 2p2`v

`2bTQM/2Mi BM i?2 �hla- r2 ?�p2 i?2B` �Mbr2`b iQ �HH *Sa [m2biBQMb �b r2HHX h?2 b�KTH2 mb2/ 7Q` Qm`

2KTB`B+�H �M�HvbBb +QMbBbib Q7 ?Qm`Hv T�B/ rQ`F2`b9j �;2/ #2ir22M Q7 k8 �M/ 89- r?Qb2 r�;2 `�i2 Bb TQbBiBp2-

�M/ bTQmb2 2�`MBM;b UB7 K�``B2/V �M/ iQi�H mbm�H r22FHv ?Qm`b rQ`F2/ �i +m``2Mi DQ# `2TQ`i2/ BM i?2 H�bi *Sa

BMi2`pB2r �`2 Q#b2`p2/X h?2 �;2 `2bi`B+iBQM Bb iQ �pQB/ +QKTHB+�iBQMb Q7 b+?QQHBM; �M/ `2iB`2K2Mi /2+BbBQMbX

h?2 ?Qm`Hv r�;2 `�i2 r�b i`BKK2/ �i T2`+2MiBH2b R 7`QK #2HQr �M/ NN 7`QK �#Qp2X �7i2` i?2 i`BKKBM;- i?2

?Qm`Hv r�;2 BM i?2 b�KTH2 `�M;2b 7`QK 08Xk iQ 0edX3 7Q` K2M �M/ 7`QK 0jXe iQ 0ejXR 7Q` rQK2M UkyRd la

/QHH�`bVX

q2 �`;m2 i?�i i?2 /Bb+`2T�M+B2b #2ir22M i?2 �hla b�KTH2 �M/ i?2 *Sa b�KTH2 �`2 bK�HH- �M/ i?2

`2�bQMb �`2 �b 7QHHQrbX 6B`bi- B7 i?2 `2bTQM/2Mi +?�M;2/ DQ# UQ` +?�M;2/ 2KTHQvK2Mi bi�imbV bBM+2 i?2 H�bi

*Sa BMi2`pB2r- i?2M ?2` �Mbr2`b iQ `2H�i2/ *Sa [m2biBQMb �`2 mT/�i2/ �i i?2 iBK2 Q7 i?2 �hla BMi2`pB2r- �M/

r2 mb2 i?2 mT/�i2/ *Sa ?Qm`b r?2M2p2` �TTHB2/X h?Bb 2HBKBM�i2b i?2 /Bb+`2T�M+v /m2 iQ DQ# Q` 2KTHQvK2Mi

bi�imb +?�M;2X a2+QM/- r2 BM+Hm/2 QMHv i?2 `2bTQM/2Mib r?Q �Mbr2`2/ #Qi? i?2 *Sa �M/ i?2 �hla [m2biBQMb

7Q` i?2Kb2Hp2bX h?Bb `2KQp2b i?2 /Bb+`2T�M+B2b /m2 iQ bQK2QM2 bT2+mH�iBM; bQK2QM2 2Hb2Ƕb *Sa ?Qm`bX99

h?B`/- r2 p2`B7v i?�i i?Qb2 `2bTQM/2Mib r?Q K�/2 i?2B` r�v BMiQ i?2 �hla b�KTH2 �`2 `2T`2b2Mi�iBp2 Q7 i?2

H�`;2` *Sa b�KTH2-98 2p2M i?Qm;? i?2 `2bTQMb2 `�i2 Q7 i?2 �hla KB;?i b22K HQr iQ b?�`T 2v2bX9e

S�M2H � Q7 h�#H2 j T`QpB/2b K2�Mb �M/ bi�M/�`/ /2pB�iBQMb Q7 i?2 ?Qm`b rQ`F2/ �M/ ?Qm`Hv r�;2 `�i2-

+QKTmi2/ mbBM; #Qi? i?2 *Sa �M/ i?2 �hla 7Q` i?2 b�K2 `2bTQM/2Mib BM Qm` 2KTB`B+�H �M�HvbBb b�KTH2X

h?2 *Sa r22FHv ?Qm`b rQ`F2/ r2 mb2 Bb i?2 MmK#2` Q7 ?Qm`b T2` r22F i?�i i?2 `2bTQM/2Mi mbm�HHv rQ`Fb �i
9kh?2 �hla Bb +QM/m+i2/- QM �p2`�;2- irQ iQ }p2 KQMi?b �7i2` i?2B` T�`iB+BT�iBQM BM i?2 *SaX
9jq2 2t+Hm/2 b�H�`B2/ rQ`F2`b #2+�mb2 i?2B` ?Qm`Hv r�;2 `�i2 Bb Km+? ?�`/2` iQ K2�bm`2X AM � ivTB+�H bm`p2v- i?2 ?Qm`Hv r�;2

7Q` b�H�`B2/ rQ`F2`b Bb iQi�H 2�`MBM;b /m`BM; � T�`iB+mH�` T2`BQ/ /BpB/2/ #v i?2 ?Qm`b rQ`F2/ BM i?�i T2`BQ/X
991p2`v `2bTQM/2Mi BM i?2 �hla `2+Q`/b iBK2 /B�`v 7Q` i?2Kb2Hp2b- #mi i?2 ?Qmb2?QH/ ?2�/ KB;?i �Mbr2` i?2 *Sa [m2biBQMb

QM #2?�H7 Q7 Qi?2` ?Qmb2?QH/ K2K#2`bX
98q2 +QKT�`2 Qm` 2KTB`B+�H �M�HvbBb b�KTH2 U7`QK i?2 �hlaV iQ irQ H�`;2` *Sa b�KTH2bX h?2 }`bi Bb i?2 kyyjĜkyRd *Sa

b�KTH2 U`2;�`/H2bb Q7 r?2i?2` i?2 `2bTQM/2Mi iQQF T�`i BM i?2 �hla Q` MQiV �7i2` �TTHvBM; i?2 b�K2 +`Bi2`BQM U�;2- i`BKKBM;
Q7 ?Qm`Hv r�;2- 2i+XV mb2/ 7Q` Qm` 2KTB`B+�H �M�HvbBb b�KTH2- �M/ i?2 Qi?2` Bb i?2 2MiB`2 kyyj@kyRd *Sa b�KTH2 Q7 ?Qm`Hv T�B/
rQ`F2`b U�HH �;2- MQ i`BKKBM; Q7 ?Qm`Hv r�;2- 2i+XVX AM amTTH2K2Mi�`v �TT2M/Bt � Ubm#KBii2/ iQ;2i?2` rBi? i?Bb T�T2`V-
h�#H2 �Xj i�#mH�i2b i?2 bmKK�`v bi�iBbiB+b Q7 K�Mv F2v p�`B�#H2b 7Q` �HH i?2b2 i?`22 b�KTH2b- �M/ �HH Q7 i?2 i?2K �`2 2bb2MiB�HHv
i?2 b�K2 �+`Qbb i?2 i?`22 b�KTH2bX JQ`2Qp2`- h�#H2 �X9 BM amTTH2K2Mi�`v �TT2M/Bt � `2TQ`ib i?2 bmKK�`v bi�iBbiB+b Q7 r22FHv
?Qm`b �M/ i?2 r22FHv H�#Q` bmTTHv 2H�biB+Biv 2biBK�i2b #�b2/ QM i?2 }`bi H�`;2` *Sa b�KTH2- �M/ i?2v �`2 p2`v +HQb2 iQ i?2 *Sa
#�b2/ 2biBK�i2b `2TQ`i2/ BM h�#H2 j Q7 i?Bb T�T2`X

9eh?2 �p2`�;2 `2bTQMb2 `�i2 Q7 i?2 �hla Bb `Qm;?Hv 50%- �M/ i?�i Q7 i?2 *Sa Bb ?B;?2` i?�M 80%X

kR



?Bbf?2` +m``2Mi DQ# �i i?2 `2TQ`i2/ ?Qm`Hv r�;2 `�i2X9d >2`2 r2 +�H+mH�i2 � HQr2` #QmM/ BM i?2 7QHHQrBM; r�vX

Ai Bb `2�bQM�#H2 iQ �bbmK2 i?�i i?2 +Q``2H�iBQM #2ir22M i?2 ?Qm`b rQ`F2/ #v i?2 b�K2 T2`bQM BM irQ /�vb-

Hit �M/ Hit′ - Bb MQMM2;�iBp2X "v Hw
i =

∑7
t=1 Hit- r2 ?�p2 Var(Hw

i ) ≥
∑7

t=1 Var(Hit)- r?2`2 Var(Hit) +�M

#2 `2�/BHv 2biBK�i2/ #v i?2 b�KTH2 p�`B�M+2 Q7 ?Qm`b rQ`F2/ QM /�v t BM i?2 �hlaX �++Q`/BM; iQ h�#H2 j-

K2M rQ`F bHB;?iHv KQ`2 ?Qm`b i?�M rQK2M `2;�`/H2bb Q7 K�`Bi�H bi�imb �M/ /�i� bQm`+2c K�``B2/ K2M rQ`F

bHB;?iHv KQ`2 ?Qm`b i?�M mMK�``B2/ K2M- #mi K�``B2/ rQK2M rQ`F H2bb i?�M mMK�``B2/ rQK2Mc �M/ 7Q` #Qi?

;2M/2`b- i?2 K�``B2/ ?�p2 ?B;?2` ?Qm`Hv r�;2 `�i2b i?�M i?2 mMK�``B2/X

8Xk G�#Q` amTTHv 1H�biB+BiB2b

q2 2biBK�i2 i?2 H�#Q` bmTTHv 2H�biB+BiB2b mbBM; i?2 7QHHQrBM; HBM2�` `2;`2bbBQM KQ/2H-

Hw
i = β0 + β1 lnwi + β2y

sp
i + β3kid5i + β4kid18i + β′

5Xi + Ui, UkkV

r?2`2 lnwi Bb i?2 M�im`�H HQ; Q7 ?Qm`Hv r�;2- yspi Bb i?2 mbm�H r22FHv 2�`MBM;b Q7 iǶb bTQmb2 Uyspi = 0

7Q` mMK�``B2/ rQ`F2`V- kid5i Bb i?2 MmK#2` Q7 +?BH/`2M �;2/ #2HQr 8- kid18i Bb i?2 MmK#2` Q7 +?BH/`2M �;2/

#2ir22M 8 �M/ R3- �M/ Xi Bb � p2+iQ` Q7 +QMi`QH p�`B�#H2b- BM+Hm/BM; �;2- �;2@b[m�`2/- irQ 2/m+�iBQM /mKKB2b-

2B;?i *2Mbmb /BpBbBQM /mKKB2b- � K2i`QTQHBi�M �`2� /mKKv- `�+2 /mKKB2b- v2�` /mKKB2b- Q++mT�iBQM

/mKKB2b �M/ BM/mbi`v /mKKB2bX 6Q` ?Qm`Hv T�B/ rQ`F2`b- �hla /B`2+iHv �bFb i?2K i?2 ?Qm`Hv r�;2 `�i2X

LQi2 i?�i Qm` b�KTH2 QMHv +QMbBbib Q7 i?Qb2 BM/BpB/m�Hb r?Q T�`iB+BT�i2/ BM #Qi? i?2 �hla �M/ i?2 *SaX

�b � `2bmHi- /2bTBi2 i?2 mb2 Q7 /Bz2`2Mi K2�bm`2b Q7 ?Qm`b rQ`F2/- β̂re �M/ β̂im �`2 #mBHi QM i?2 b�K2 b�KTH2

bBx2X

AM Q`/2` iQ b�72;m�`/ �;�BMbi i?2 TQi2MiB�H +H�bbB+�H K2�bm`2K2Mi 2``Q` T`Q#H2K BM r�;2 �M/ bTQmb2 r22FHv

2�`MBM;b- r2 mb2 r�;2 /2+BH2b �M/ bTQmb2 2�`MBM; /2+BH2b �b AobX93 h?2 `2TQ`i2/ 2biBK�i2b Q7 2H�biB+BiB2b ?2`2

�`2 2p�Hm�i2/ �i i?2 `2bT2+iBp2 b�KTH2 K2�M ?Qm`b rQ`F2/ T2` r22FX

S�M2H " Q7 h�#H2 j b?Qrb i?2 2biBK�iBQM `2bmHib #v ;2M/2` �M/ K�`Bi�H bi�imbX 6Q` 2�+? 2tTH�M�iQ`v

p�`B�#H2 Q7 BMi2`2bi- r2 `2TQ`i #Qi? β̂re- r?B+? Bb #�b2/ QM i?2 *Sa `2+�HH2/ r22FHv ?Qm`b �M/ β̂im- r?B+?

Bb #�b2/ QM i?2 �hla /�BHv ?Qm`b �M/ Qm` T`QTQb2/ BKTmi�iBQM K2i?Q/X 6Q` i?2 *Sa #�b2/ β̂re- i?2

bi�M/�`/ 2``Q`b �`2 Dmbi i?2 mbm�H kaGa bi�M/�`/ 2``Q`bX 6Q` i?2 �hla #�b2/ β̂im- ?Qr2p2`- r2 `2TQ`i i?2

bi�M/�`/ 2``Q`b +QKTmi2/ mbBM; 2[X UR3VX q2 +QM/m+i DQBMi >�mbK�M i2bib Q7 i?2 +Q2{+B2Mib Q7 i?2 p�`B�#H2b
9d"v i?2 TQi2MiB�H Qmi+QK2 �`;mK2Mi- i?2 bi�M/�`/ /2pB�iBQM Q7 i?2 �hla BKTmi2/ r22FHv ?Qm`b rQ`F2/ Bb BKTQbbB#H2 iQ

+QKTmi2 rBi?Qmi �/ ?Q+ �bbmKTiBQMbX h?Bb r�b }`bi TQBMi2/ Qmi #v 6`�xBb �M/ ai2r�`i UkyRkVX
93q2 `2TQ`i PGa 2biBK�i2b BM h�#H2 �XN Q7 i?2 amTTH2K2Mi�`v �TT2M/Bt �- �M/ i?2 `2bmHib �`2 �HKQbi i?2 b�K2- #Qi?

[m�HBi�iBp2Hv �M/ [m�MiBi�iBp2HvX Pm` +?QB+2 Q7 Aob 7QHHQrb i?2 bm;;2biBQM #v Cm?M �M/ Jm`T?v URNNdV �M/ "H�m �M/ E�?M
UkyydVX h?2 `2�bQM i?�i r�;2 UQ` bTQmb2 2�`MBM;V /2+BH2 b2`p2b �b � p�HB/ Ao 7Q` r�;2 UQ` bTQmb2 2�`MBM;V BM i?2 T`2b2M+2 Q7
+H�bbB+�H K2�bm`2K2Mi 2``Q`b Bb i?�i r2 #2HB2p2 i?�i i?2 p�`B�iBQM BM i?2 K2�bm`2K2Mi 2``Q` Bb MQi #B; 2MQm;? iQ �Hi2` i?2 /2+BH2
;`QmTBM; 7Q` � bm#bi�MiB�H T`QTQ`iBQM Q7 `2bTQM/2MibX

kk



�TT2�`BM; BM S�M2H " #2ir22M i?2 *Sa �M/ i?2 �hlaX h?2 p@p�Hm2b �`2 bK�HH2` i?�M 0.1 7Q` mMK�``B2/ K2M

�M/ K�``B2/ rQK2MX9N

"Qi? i?2 *Sa �M/ i?2 �hla BM/B+�i2 i?�i rQK2MǶb H�#Q` bmTTHv Bb KQ`2 r�;2@2H�biB+ i?�M i?�i Q7 K2M-

rBi? i?2 H�#Q` bmTTHv Q7 K�``B2/ rQK2M ?�pBM; i?2 H�`;2bi r�;2 2H�biB+Biv U0.1589 �M/ 0.1048 `2bT2+iBp2HvVX

*QKT�`2/ iQ i?2 *Sa- i?2 �hla `2bmHib BM bK�HH2` QrM r�;2 2H�biB+BiB2b �+`Qbb i?2 #Q�`/- �M/ i?Bb �;`22b

rBi? r?�i "�``2ii �M/ >�K2`K2b? UkyRNV 7QmM/X8y 6`QK i?2 *Sa iQ i?2 �hla- i?2 `2/m+iBQM Q7 QrM r�;2

2H�biB+BiB2b 7Q` K2M 2t+22/b i?�i 7Q` rQK2M- `�BbBM; i?2 `2H�iBp2 QrM r�;2 2H�biB+BiB2b 7Q` rQK2MX8R 6Q`

K�``B2/ rQK2M- i?2 �hla vB2H/b Km+? bK�HH2` +`Qbb 2�`MBM; 2H�biB+Biv i?�M BKTHB2/ #v i?2 *Sa U−0.0579

pXbX −0.0943VX 6Q` K�``B2/ K2M- i?2 *Sa BM/B+�i2b i?�i i?2B` H�#Q` bmTTHv Bb MQM@2H�biB+ rBi? `2bT2+i iQ

bTQmb2 2�`MBM;b U−0.0019V- +QMbBbi2Mi rBi? T`2pBQmb }M/BM;b BM i?2 HBi2`�im`2 U2X;X- "H�m �M/ E�?M- kyydVc

MQirBi?bi�M/BM;- i?2 �hla T`Q/m+2b � Km+? ?B;?2` +`Qbb 2�`MBM; 2H�biB+Biv- �M/ Bi Bb +QKT�`�#H2 rBi? i?�i

Q7 K�``B2/ rQK2M U−0.0347VX8k

Pm` 2biBK�i2b #�b2/ QM i?2 *Sa �`2 QM T�` rBi? i?Qb2 BM i?2 HBi2`�im`2X �+`Qbb `Qm;?Hv ir2Miv 2biBK�i2b

bm`p2v2/ #v "HmM/2HH �M/ J�*m`/v URNNNV- i?2 K2/B�M QrM r�;2 H�#Q` bmTTHv 2H�biB+Biv Bb 0.08 7Q` K2M

�M/ 0.78 7Q` K�``B2/ rQK2MX 6Q` +`Qbb r�;2 2H�biB+BiB2b �M/ +QM/BiBQM�H QM ?�pBM; TQbBiBp2 ?Qm`b- .2p2`2mt

Ukyy9V `2TQ`ib �`QmM/ −0.06 7Q` K2M �M/ �`QmM/ −0.5 7Q` rQK2M BM i?2 RN3ybX 6Q` K�``B2/ rQK2M- "H�m

�M/ E�?M UkyydV /Q+mK2Mi `Q#mbi �M/ bm#bi�MiB�H /2+HBM2 BM K�``B2/ rQK2MǶb H�#Q` bmTTHv 2H�biB+BiB2b 7`QK

RN3yb iQ kyyybX h?2B` QrM r�;2 2H�biB+Biv 72HH 7`QK `Qm;?Hv 0.77 BM RN3y iQ `Qm;?Hv 0.36 BM kyyyX h?2B` +`Qbb

r�;2 2H�biB+Biv /2+`2�b2/ 7`QK �`QmM/ −0.33 BM RN3y iQ �`QmM/ −0.19 BM kyyyX aBM+2 Qm` b�KTH2 +Qp2`b i?2

v2�`b kyyjĜkyRd- i?2 7�+i i?�i �HH Q7 Qm` *Sa #�b2/ 2biBK�i2b ?�p2 bK�HH2` �#bQHmi2 p�Hm2b i?�M i?Qb2 7Q`

kyyy BM "H�m �M/ E�?M UkyydV Bb +QMbBbi2Mi rBi? i?2 /2+HBM2 BM i?2 `2bTQMbBp2M2bb Q7 K�``B2/ rQK2MǶb H�#Q`

bmTTHvX8j

S�M2H " Q7 h�#H2 j �HbQ ;Bp2b BMi2`2biBM; 2H�biB+Biv 2biBK�i2b rBi? `2bT2+i iQ MmK#2` Q7 FB/bX 6Q` K�``B2/

rQK2M- #Qi? bm`p2vb H2�/ iQ p2`v H�`;2 �M/ �HKQbi B/2MiB+�H 2H�biB+BiB2b rBi? `2bT2+i iQ MmK#2` Q7 vQmM;2`

FB/b 7Q` K�``B2/ rQK2M U−0.0897 �M/ −0.0858Vc �M/ v2i i?2 �hla vB2H/b � Km+? bK�HH2` 2H�biB+Biv rBi?

`2bT2+i iQ MmK#2` Q7 QH/2` FB/b i?�M i?2 *Sa U−0.012 pXbX −0.0287VX 6Q` K�``B2/ K2M- i?2 �hla BKTHB2b

KQ`2 2H�biB+ H�#Q` bmTTHv rBi? `2bT2+i iQ MmK#2`b Q7 FB/b i?�M i?2 *Sa �b r2HHX
9Nh?2 2KTB`B+�H }M/BM;b BM h�#H2 j �`2 p2`v `Q#mbi iQ +?QB+2 Q7 Aob- bm#b�KTH2b- Q` /2}MBiBQM Q7 ǳrQ`FǴ �+iBpBiB2bX _Q#mbiM2bb

+?2+Fb �`2 T`QpB/2/ BM amTTH2K2Mi�`v �TT2M/Bt �X
8yLQi2 i?�i i?Bb T�ii2`M +�MMQi #2 2tTH�BM2/ #v `2bTQM/2Mib #mM+?BM; i?2B` `2+�HH2/ r22FHv ?Qm`b �i 40- i?2 mbm�H bmbT2+i Q7

MQM+H�bbB+�H K2�bm`2K2Mi 2``Q`b- r?B+? �HQM2 rBHH `2bmHi BM HQr2` 2H�biB+BiB2b 7`QK i?2 *Sa i?�M 7`QK i?2 �hlaX
8R>2+FK�M URNNjV �`;m2b i?�i �M BKTQ`i�Mi `2�bQM i?�i K�``B2/ rQK2M /BbTH�v ?B;?2` QrM r�;2 2H�biB+Biv i?�M K2M �M/

mMK�``B2/ rQK2M Bb #2+�mb2 i?2B` H�#Q` 7Q`+2 T�`iB+BT�iBQM /2+BbBQM Bb KQ`2 r�;2@2H�biB+- �M/ i?�i #�bBM; i?2 2biBK�iBQM QMHv
QM i?Qb2 r?Q rQ`F 2bb2MiB�HHv +QKT�`2b K�``B2/ rQK2MǶb ?B;?2` 2ti2MbBp2 K�`;BM 2H�biB+Biv rBi? Qi?2` ;`QmTbǶ BMi2MbBp2 K�`;BM
2H�biB+BiB2bX .m2 iQ i?2 H�+F Q7 ;QQ/ BMbi`mK2Mib- r2 /QMǶi +Q``2+i 7Q` i?2 b�KTH2 b2H2+iBQM #B�b �M/ �+FMQrH2/;2 i?�i Qm`
2H�biB+Biv 2biBK�i2b �`2 ?v#`B/ Q7 #Qi? K�`;BMbX

8kh?2 >�mbK�M i2bi Q7 i?Bb bBM;H2 +Q2{+B2Mi `2D2+ib i?2 MmHH ?vTQi?2bBb Q7 2[m�H +Q2{+B2Mib #2ir22M i?2 *Sa �M/ i?2 �hlaX
8jAM �//BiBQM- "H�m �M/ E�?M UkyydV `2TQ`i K2MǶb QrM r�;2 2H�biB+BiB2b �`QmM/ 0.1 rBi?Qmi MQi�#H2 iBK2 i`2M/X

kj



Ai Bb rQ`i? K2MiBQMBM; i?�i i?2`2 �`2 K�Mv TQbbB#H2 bQm`+2b i?�i `2bmHi BM /Bz2`2Mi 2H�biB+Biv 2biBK�i2b

#2ir22M i?2 *Sa �M/ i?2 �hla Ub22 a2+iBQM 8 Q7 "QmM/ 2i �HX- kyyR- 7Q` 2t�KTH2V- �M/ i?2 K2�M@`2p2`iBM;

2``Q`89 Bb QMHv QM2 Q7 i?2KX AM 7�+i- B7 i?2 K2�M@`2p2`iBM; 2``Q` r�b i?2 QMHv `2�bQM 7Q` /Bz2`2Mi 2biBK�i2b

#2ir22M i?2 *Sa �M/ i?2 �hla- i?2M �HH i?2 �hla 2H�biB+Biv 2biBK�i2b UrBi? `2bT2+i iQ QrM r�;2- bTQmb2

2�`MBM;- �M/ MmK#2` Q7 FB/bV rQmH/ �HH ?�p2 ?�/ H�`;2` �#bQHmi2 p�Hm2b i?�M i?2B` *Sa +QmMi2`T�`ibX h?Bb

+QMi`�/B+ib Qm` 2KTB`B+�H }M/BM;b BM h�#H2 j- r?2`2 i?2 �hla BM/B+�i2b KQ`2 2H�biB+ H�#Q` bmTTHv rBi?

`2bT2+i iQ bQK2 `2;`2bbQ`b 7Q` bQK2 ;`QmTb �M/ i?2 QTTQbBi2 BM Qi?2` +�b2bX h?2 b�K2 T�ii2`Mb �`2 p2`v

`Q#mbi �+`Qbb p�`BQmb `Q#mbiM2bb +?2+Fb r2 +QM/m+iX88

e *QKK2Mib QM hBK2 lb2 am`p2v .2bB;M

6Q` β̂im iQ ?�p2 i?2 b�K2 T`2+BbBQM �b β̂wk- ?Qr Km+? H�`;2` i?2 b�KTH2 bBx2 ?�p2 iQ #2\ hQ ;2i � `Qm;?

B/2�- H2iǶb �bbmK2 ?QKQbF2/�biB+Biv bQ i?�i Ωim−wk �M/ Ωwk bBKTHB7v iQ Ωim−wk =
[∑7

t=1(rt − 1)E(V 2
it)−

2
∑

1≤t<τ≤7 E(VitViτ )
]
A−1 �M/ Ωwk = E(U2

i )A
−1X lbBM; i?2 .hla /�i�-8e �M/ r2 ;2i Ê(U2

i ) = 146 �M/
∑7

t=1(rt − 1)Ê(V 2
it)− 2

∑
1≤t<τ≤7 Ê(VitViτ ) = 409X >2M+2 i?2 2biBK�i2b Q7 i?2 �bvKTiQiB+ p�`B�M+2b Q7 β̂wk

�M/ β̂im �`2 V̂ar(β̂wk) = n−1146A−1 �M/ V̂ar(β̂im) = n−1(146 + 409)A−1X

A7 i?2 +Q``2H�iBQM +Q2{+B2Mib �KQM; i?2 BKTmi2 `2bB/m�Hb Q7 ?Qm`b rQ`F2/ �+`Qbb /Bz2`2Mi /�vb BM i?2

�hla �`2 i?2 b�K2 �b BM i?2 .hla- i?2M bm+? #�+F@Q7@2Mp2HQT +�H+mH�iBQM BKTHB2b i?�i +QKT�`2/ iQ � bm`p2v

i?�i `2+Q`/b i?2 `2bTQM/2MibǶ �+iBpBiB2b 7Q` �M 2MiB`2 r22F �M/ 2M�#H2b i?2 mb2 Q7 i?2 r22F 2biBK�iQ` β̂wk- i?2

MmK#2` Q7 `2bTQM/2Mib bm`p2v2/ BM i?2 �hla ?�b iQ #2 `Qm;?Hv 3.8 iBK2b BM Q`/2` iQ ;2i �M BKTmi2 2biBK�iQ`

β̂im rBi? i?2 b�K2 T`2+BbBQMX 6Q` bm`p2v /2bB;M2`b- i?Bb BKTHB2b i?�i B7 i?2 �p2`�;2 +Qbib Q7 7QHHQrBM; i?2

b�K2 BM/BpB/m�Hb 7Q` b2p2M +QMb2+miBp2 /�vb Bb ?B;?2` i?�M 3.8 iBK2b Q7 BMi2`pB2rBM; i?2K 7Q` QM2 /�v- i?2M

i?2 H�ii2` Bb DmbiB}2/ 7`QK i?2 2{+B2M+v TQBMi Q7 pB2rX8d

Ai Bb biBHH rQ`i?r?BH2 iQ /Q i?2 7Q`K2`- �i H2�bi BM � bK�HH2` TBHQi b�KTH2X EMQrH2/;2 �#Qmi i?2 +Q``2H�iBQM

�KQM; i?2 /�BHv ?Qm`b +�M ?2HT /2i2`KBM2 i?2 b�KTHBM; b+?2K2 i?�i ;Bp2b `Bb2 iQ i?2 KQbi 2{+B2Mi BKTmi2

2biBK�iQ`X h?2 `2�bQM Bb i?�i Ωim−wk BM 2[X URkV �b r2HH �b Ωim BM 2[X UR9V /2T2M/b QM i?2 /B�`v /�v

b�KTHBM; T`Q#�#BHBiB2b 1/rt Ut = 1, . . . , 7VX A7 2{+B2M+v Q7 β̂im Bb Qm` T`BK�`v +QM+2`M- i?2M r2 +�M KBMBKBx2

Ωim−wk UQ` 2[mBp�H2MiHv- ΩimV #v +?QQbBM; rt bm#D2+i iQ i?2 +QMbi`�BMi
∑7

t=1 1/rt = 1X h?2 QTiBK�H b�KTHBM;

T`Q#�#BHBiB2b �`2 1/rt = σt/
∑7

s=1 σs- r?2`2 σ2
t ≡ E(V 2

it) �M/ r2 �bbmK2/ ?QKQbF2/�biB+Biv 7Q` bBKTHB+BivX

h?�i Bb- KQ`2 r2B;?ib b?QmH/ #2 ;Bp2M iQ i?2 /�vb QM r?B+? i?2 ?Qm`b rQ`F2/ 2t?B#Bi H�`;2` p�`B�iBQM �KQM;
89h?�i Bb- T2QTH2 r?Q rQ`F KQ`2 ?Qm`b i2M/ iQ mM/2`@`2TQ`i- �M/ i?Qb2 r?Q rQ`F 72r2` ?Qm`b i2M/ iQ Qp2`@`2TQ`iX
88_2TQ`i2/ BM h�#H2 �Xd iQ h�#H2 �XRy BM amTTH2K2Mi�`v �TT2M/Bt �X
8eh?2 p�`B�#H2b BM Zi �`2 i?2 b�K2 �b BM a2+iBQM 9Xk- �M/ i?2 /B�`v /�v b�KTHBM; r2B;?ib �`2 BM �++Q`/�M+2 rBi? i?2 �hla

r2B;?ibX
8dAM �//BiBQM- i?2 iBK2 mb2 bm`p2v ?Qm`b #2+QK2 H2bb `2HB�#H2 �b i?2 T2`BQ/ Q7 bm`p2v ;2ib HQM;2`X

k9



i?2 TQTmH�iBQMX

d *QM+HmbBQM

AM i?Bb T�T2`- r2 T`QTQb2 b2p2`�H BMimBiBp2 2biBK�iQ`b Q7 r22FHv H�#Q` bmTTHv T�`�K2i2`b mbBM; /�BHv ?Qm`b

/�i� BM iBK2 mb2 bm`p2vb �M/ `2+QKK2M/ i?2 BKTmi2 2biBK�iQ` QM i?2 ;`QmM/ Q7 2{+B2M+v �M/ `Q#mbiM2bb

�7i2` +�`27mHHv 2t�KBMBM; i?2B` �bvKTiQiB+ �M/ }MBi2 b�KTH2 T`QT2`iB2bX h?2 BKTmi2 2biBK�iQ` Bb � bBKTH2

KQ/B}+�iBQM Q7 i?2 mbm�H kaGa 2biBK�iQ`- r?B+? BKTmi2b i?2 /2T2M/2Mi p�`B�#H2 UrBi?BM 2�+? /B�`v bm#@

b�KTH2V �b r2HH �b i?2 BM/2T2M/2Mi p�`B�#H2b mbBM; i?2 BMbi`mK2MibX q2 i?2M T`Q+22/ iQ BHHmbi`�i2 i?2 }MBi2

b�KTH2 T`QT2`iB2b Q7 �HH i?2 2biBK�iQ`b r2 +QMbB/2` mbBM; i?2 .hla /�i�- r?B+? i`�+F i?2 `2bTQM/2MibǶ

�+iBpBiB2b 7Q` �M 2MiB`2 r22F- �M/ ?2M+2 Bb � p�Hm�#H2 #2M+?K�`FX JmHiBTH2 2KTB`B+�H }M/BM;b �`2 �HbQ /`�rM

7`QK i?2 .hla /�i�X 6BM�HHv- r2 +QKT�`2 i?2 2biBK�i2/ H�#Q` bmTTHv 2H�biB+BiB2b mbBM; i?2 �hla BKTmi2

2biBK�iQ` �M/ i?�i mbBM; i?2 *Sa `2+�HH2/ ?Qm`b- �M/ r2 �`2 �#H2 iQ ;2i � MmK#2` Q7 BMi2`2biBM; 2KTB`B+�H

}M/BM;b i?�i �`2 M2r BM i?2 H�#Q` 2+QMQKB+b HBi2`�im`2X

k8



_272`2M+2b

�#`2p�v�- CX �M/ >�mbK�M- CX �X URNNNVX a2KBT�`�K2i`B+ 2biBK�iBQM rBi? KBbK2�bm`2/ /2T2M/2Mi p�`B@

�#H2b, �M �TTHB+�iBQM iQ /m`�iBQM KQ/2Hb 7Q` mM2KTHQvK2Mi bT2HHbX �MM�H2b /Ƕú+QMQKB2 2i /2 ai�iBbiB[m2-

U88f8eV,k9jĜkd8X

�;mB�`- JX- "BHb- JX- *?�`H2b- EX EX- �M/ >m`bi- 1X UkyRdVX G2Bbm`2 Hmtm`B2b �M/ i?2 H�#Q` bmTTHv Q7 vQmM;

K2MX h2+?MB+�H `2TQ`i- L"1_X

�;mB�`- JX �M/ >m`bi- 1X UkyydVX J2�bm`BM; i`2M/b BM H2Bbm`2, h?2 �HHQ+�iBQM Q7 iBK2 Qp2` }p2 /2+�/2bX h?2

Zm�`i2`Hv CQm`M�H Q7 1+QMQKB+b- RkkUjV,NeNĜRyyeX

�;mB�`- JX- >m`bi- 1X- �M/ E�`�#�`#QmMBb- GX UkyRkVX _2+2Mi /2p2HQTK2Mib BM i?2 2+QMQKB+b Q7 iBK2 mb2X

�MMm�H _2pB2r Q7 1+QMQKB+b- 9URV,jdjĜjNdX

�?K2/- LX- "`xQxQrbFB- JX- �M/ *`QbbH2v- hX 6X UkyyeVX J2�bm`2K2Mi 2``Q`b BM `2+�HH 7QQ/ +QMbmKTiBQM

/�i�X A6a qQ`FBM; S�T2`b qSyefkRX

�hla lb2`Ƕb :mB/2 UkykyVX �K2`B+�M iBK2 mb2 bm`p2v mb2`Ƕb ;mB/2, lM/2`bi�M/BM; �imb kyyj iQ kyRNX

h2+?MB+�H `2TQ`i- lXaX *2Mbmb "m`2�mX

"�``2ii- :X 6X �M/ >�K2`K2b?- .X aX UkyRNVX G�#Q` bmTTHv 2H�biB+BiB2b, Pp2`+QKBM; MQM+H�bbB+�H K2�bm`2K2Mi

2``Q` mbBM; KQ`2 �++m`�i2 ?Qm`b /�i�X CQm`M�H Q7 >mK�M _2bQm`+2b- 89URV,k88Ĝke8X

"H�m- 6X .X �M/ E�?M- GX JX UkyydVX *?�M;2b BM i?2 H�#Q` bmTTHv #2?�pBQ` Q7 K�``B2/ rQK2M, RN3yĜkyyyX

CQm`M�H Q7 G�#Q` 1+QMQKB+b- k8UjV,jNjĜ9j3X

"HmM/2HH- _X �M/ J�*m`/v- hX URNNNVX G�#Q` bmTTHv, � `2pB2r Q7 �Hi2`M�iBp2 �TT`Q�+?2bX AM >�M/#QQF Q7

G�#Q` 1+QMQKB+b- pQHmK2 j- T�;2b R88NĜReN8X 1Hb2pB2`X

"QmM/- CX- "`QrM- *X- �M/ J�i?BQr2ix- LX UkyyRVX J2�bm`2K2Mi 2``Q` BM bm`p2v /�i�X AM >�M/#QQF Q7

1+QMQK2i`B+b- pQHmK2 8- T�;2b jdy8Ĝj39jX 1Hb2pB2`X

"QmM/- CX- "`QrM- *X *X- .mM+�M- :X- �M/ _Q/;2`b- qX GX URN3NVX J2�bm`2K2Mi 2``Q` BM +`Qbb@b2+iBQM�H �M/

HQM;Bim/BM�H H�#Q` K�`F2i bm`p2vb, _2bmHib 7`QK irQ p�HB/�iBQM bim/B2bX qQ`FBM; S�T2` k339- L"1_X

"`xQxQrbFB- JX- *`QbbH2v- hX 6X- �M/ qBMi2`- CX EX UkyRdVX � +QKT�`BbQM Q7 `2+�HH �M/ /B�`v 7QQ/ 2tT2M/Bim`2

/�i�X 6QQ/ SQHB+v- dk,8jĜeRX

*?2M- sX- >QM;- >X- �M/ h�K2`- 1X Ukyy8VX J2�bm`2K2Mi 2``Q` KQ/2Hb rBi? �mtBHB�`v /�i�X h?2 _2pB2r Q7

1+QMQKB+ aim/B2b- dkUkV,j9jĜjeeX

ke



.2p2`2mt- SX CX Ukyy9VX *?�M;2b BM `2H�iBp2 r�;2b �M/ 7�KBHv H�#Q` bmTTHvX CQm`M�H Q7 >mK�M _2bQm`+2b-

jNUjV,eN3ĜdkkX

.mM+�M- :X CX �M/ >BHH- .X >X URN38VX �M BMp2biB;�iBQM Q7 i?2 2ti2Mi �M/ +QMb2[m2M+2b Q7 K2�bm`2K2Mi 2``Q`

BM H�#Q`@2+QMQKB+ bm`p2v /�i�X CQm`M�H Q7 G�#Q` 1+QMQKB+b- jU9V,8y3Ĝ8jkX

6Bb?2`- EX- :2`b?mMv- CX- 6HQQ/- aX JX- _QK�M- CX :X- �M/ >Qz2`i?- aX GX UkyR3VX JmHiBM�@

iBQM�H iBK2 mb2 bim/v 2ti`�+i bvbi2K, o2`bBQM RXkX h2+?MB+�H `2TQ`i- JBMM2�TQHBb- JL, ASlJa-

?iiTb,ff/QBXQ`;fRyXR3Rk3f.yekXoRXkX

6`�xBb- >X �M/ ai2r�`i- CX UkyRkVX >Qr iQ i?BMF �#Qmi iBK2@mb2 /�i�, q?�i BM72`2M+2b +�M r2 K�F2 �#Qmi

HQM;@ �M/ b?Q`i@ `mM iBK2 mb2 7`QK iBK2 /B�`B2b\ �MM�Hb Q7 1+QMQKB+b �M/ ai�iBbiB+b- URy8fRyeV,kjRĜk98X

:QH/BM- *X UkyR9VX � ;`�M/ ;2M/2` +QMp2`;2M+2, Aib H�bi +?�Ti2`X �K2`B+�M 1+QMQKB+ _2pB2r- Ry9U9V,RyNRĜ

RRRNX

:m`v�M- CX- >m`bi- 1X- �M/ E2�`M2v- JX Ukyy3VX S�`2Mi�H 2/m+�iBQM �M/ T�`2Mi�H iBK2 rBi? +?BH/`2MX CQm`M�H

Q7 1+QMQKB+ S2`bT2+iBp2b- kkUjV,kjĜ9eX

>�K2`K2b?- .X aX- 6`�xBb- >X- �M/ ai2r�`i- CX Ukyy8VX .�i� r�i+?, h?2 �K2`B+�M iBK2 mb2 bm`p2vX CQm`M�H

Q7 1+QMQKB+ S2`bT2+iBp2b- RNURV,kkRĜkjkX

>2+FK�M- CX CX URNNjVX q?�i ?�b #22M H2�`M2/ �#Qmi H�#Q` bmTTHv BM i?2 T�bi ir2Miv v2�`b\ �K2`B+�M

1+QMQKB+ _2pB2r- 3jUkV,RReĜRkRX

>Qz2`i?- aX GX- 6HQQ/- aX JX- �M/ aQ#2F- JX UkyR3VX �K2`B+�M iBK2 mb2 bm`p2v /�i� 2ti`�+i #mBH/2`,

o2`bBQM kXdX h2+?MB+�H `2TQ`i- *QHH2;2 S�`F- J., lMBp2`bBiv Q7 J�`vH�M/ �M/ JBMM2�TQHBb- JL, ASlJa-

?iiTb,ff/QBXQ`;fRyXR3Rk3f.yeyXokXdX

>m- uX �M/ a�b�FB- uX UkyR8VX *HQb2/@7Q`K 2biBK�iBQM Q7 MQMT�`�K2i`B+ KQ/2Hb rBi? MQM@+H�bbB+�H K2�bm`2@

K2Mi 2``Q`bX CQm`M�H Q7 1+QMQK2i`B+b- R38UkV,jNkĜ9y3X

>m- uX �M/ a�b�FB- uX UkyRdVX A/2MiB}+�iBQM Q7 T�B`2/ MQMb2T�`�#H2 K2�bm`2K2Mi 2``Q` KQ/2HbX 1+QMQK2i`B+

h?2Q`v- jjU9V,N88ĜNdNX

>m- uX �M/ a+?2MM�+?- aX JX Ukyy3VX AMbi`mK2Mi�H p�`B�#H2 i`2�iK2Mi Q7 MQM+H�bbB+�H K2�bm`2K2Mi 2``Q`

KQ/2HbX 1+QMQK2i`B+�- deURV,RN8ĜkReX

ASlJa UkykyVX Jimb b�KTH2b +?�`�+i2`BbiB+bX ?iiTb,ffrrrXKimb/�i�XQ`;fKimbfb�KTH2bXb?iKHX

kd

https://www.mtusdata.org/mtus/samples.shtml


Cm?M- *X �M/ Jm`T?v- EX JX URNNdVX q�;2 BM2[m�HBiv �M/ 7�KBHv H�#Q` bmTTHvX CQm`M�H Q7 G�#Q` 1+QMQKB+b-

R8UR- S�`i RV,dkĜNdX

EBpB2i- CX 6X �M/ LB2K+xvF- CX UkyyNVX PM i?2 HBKBiBM; �M/ 2KTB`B+�H /Bbi`B#miBQM Q7 Bp 2biBK�iQ`b r?2M bQK2

Q7 i?2 BMbi`mK2Mib �`2 BMp�HB/X lp� 1+QMQK2i`B+b .Bb+mbbBQM S�T2`- kyyefykX

GBiiH2- _X CX �X �M/ _m#BM- .X "X UkyRNVX ai�iBbiB+�H �M�HvbBb rBi? JBbbBM; .�i�- pQHmK2 dNjX CQ?M qBH2v �

aQMbX

aQmb�- CX UkyR9VX 1biBK�iBQM Q7 T`B+2 2H�biB+BiB2b Q7 /2K�M/ 7Q` �H+Q?QH BM i?2 mMBi2/ FBM;/QKX >J_*

qQ`FBM; S�T2` ReX

qQQH/`B/;2- CX JX UkyRyVX 1+QMQK2i`B+ �M�HvbBb Q7 *`Qbb a2+iBQM �M/ S�M2H .�i�X JAh S`2bbX

k3
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h�#H2 k, q22FHv G�#Q` amTTHv 1H�biB+Biv 1biBK�i2b U>mM/`2/i?bV, i?2 .hla

J�``B2/ J2M J�``B2/ qQK2M

β̂re β̂wk β̂im β̂re β̂wk β̂im

n Q7 FB/b �;2/ < R3 0.93 0.39 0.22 0.02 −16.81 −21.02
U0.41V U0.58V U1.16V U0.80V U1.72V U3.34V

1/m+, +QKTH2i2/ kM/`v 2.14 −1.16 −7.43 −2.12 11.88 9.79
U1.12V U1.59V U2.99V U2.09V U4.47V U8.79V

1/m+, �#Qp2 kM/`v 4.13 −2.06 −5.59 −0.86 22.68 21.53
U1.19V U1.68V U3.22V U2.48V U5.32V U10.51V

S p�Hm2 Q7 DQBMi >�mbK�M i2bi 0.00 0.11 0.00 0.53
n Q7 P#bX Rd9e Rd9e Rd9e 3j8 3j8 3j8
R b[m�`2/8 0.06 0.03 0.07 0.18 0.39 0.26
R h?2 Qi?2` +QMi`QH p�`B�#H2b �`2 �;2- �;2@b[m�`2/- � /mKKv Q7 rQ`FBM; BM T`Bp�i2 b2+iQ`- �M m`#�M �`2�

/mKKv- �M/ v2�` /mKKB2bX
k β̂re mb2b i?2 `2+�HH2/ r22FHv ?Qm`bc β̂wk mb2b i?2 i`m2 /B�`v r22FHv ?Qm`bc β̂im mb2b i?2 b�KTH2 r?2`2

QMHv QM2 /�v Bb `�M/QKHv +?Qb2M 7Q` 2�+? BM/BpB/m�H mbBM; i?2 �hla /B�`v /�v b�KTHBM; r2B;?ibX
j ai�M/�`/ 2``Q`b �`2 BM T�`2Mi?2b2bX
9 q2 +QM/m+i i?2 DQBMi >�mbK�M i2bib UBX2X- i?2 +Q2{+B2Mib �bbQ+B�i2/ rBi? i?2 i?`22 `2;`2bbQ`b BM i?2

i�#H2V `2;�`/BM; r?2i?2` i?2`2 �`2 bB;MB}+�Mi /Bz2`2M+2b #2ir22M β̂re �M/ β̂im- �M/ #2ir22M β̂wk �M/
β̂im- `2bT2+iBp2HvX

8 h?2 R b[m�`2/ 7Q` BKTmi2 2biBK�iQ` Bb i?2 �p2`�;2 R b[m�`2/ Q7 i?2 b2p2M HBM2�` `2;`2bbBQM Q7 /�BHv ?Qm`b
rQ`F2/ Hit = X′

iβt + Uit 7Q` t = 1, . . . , 7X

h�#H2 j, q22FHv G�#Q` amTTHv 1H�biB+Biv 1biBK�i2b, i?2 *Sa �M/ i?2 �hla

S�M2H �, J2�M �M/ bi/ /2p Q7 ?Qm`b �M/ r�;2

J�``B2/
J2M

lMK�``B2/
J2M

J�``B2/
qQK2M

lMK�``B2/
qQK2M

*Sa lbm�H q22FHv >Qm`b qQ`F2/R 39.63 38.42 32.50 35.52
bX/X U6.13V U7.26V U10.43V U8.63V
�hla >Qm`b qQ`F2/ QM .B�`v .�v 4.70 4.74 3.56 4.18
bX/X U4.55V U4.44V U4.00V U4.21V
�hla AKTmi2/ q22FHv >Qm`b qQ`F2/ 41.27 40.38 31.96 36.18
bX/X UHQr2` #QmM/Vk U9.57V U9.79V U9.26V U9.68V
>Qm`Hv q�;2 UkyRd la /QHH�`bV 21.88 18.65 18.70 16.56

S�M2H ", 1H�biB+BiB2b U?mM/`2/i?bVj

J�``B2/
J2M

lMK�``B2/
J2M

J�``B2/
qQK2M

lMK�``B2/
qQK2M

q�;2 U*SaV 5.39 11.38 15.89 11.72
U0.89V U1.06V U1.26V U1.07V

q�;2 U�hlaV 1.47 4.71 10.48 8.14
U3.36V U3.25V U3.32V U3.30V

aTQmb2 r22FHv 2�`MBM;b U*SaV −0.19 −9.43
U0.41V U0.77V

aTQmb2 r22FHv 2�`MBM;b U�hlaV −3.47 −5.79
U1.62V U2.12V

LmKX Q7 FB/b �;2 < 8 U*SaV −0.80 −8.58
U0.48V U0.82V

LmKX Q7 FB/b �;2 < 8 U�hlaV −1.08 −8.97
U1.92V U2.11V

LmKX Q7 FB/b �;2b 8ĜR3 U*SaV −0.00 −2.87
U0.26V U0.42V

LmKX Q7 FB/b �;2b 8ĜR3 U�hlaV −0.44 −1.20
U1.12V U1.18V

R b[m�`2/ U*SaV 0.08 0.15 0.22 0.15
R b[m�`2/ U�hlaVe 0.16 0.24 0.17 0.17
p p�Hm2 Q7 DQBMi >�mbK�M i2bi 0.25 0.05 0.06 0.28
n Q7 Q#bX j33N j3Re 8eyk 8djR
R h?Bb Bb i?2 MmK#2` Q7 ?Qm`b T2` r22F i?�i i?2 `2bTQM/2Mi mbm�HHv rQ`Fb �i ?Bbf?2` +m``2Mi DQ# �i i?2

`2TQ`i2/ ?Qm`Hv r�;2 `�i2X
k a22 7QQiMQi2 9d BM i?2 T�T2` 7Q` KQ`2 /2i�BHbX
j h?2 2biBK�i2b #�b2/ QM i?2 *Sa `2+�HH2/ r22FHv ?Qm`b �`2 β̂rec i?2 2biBK�i2b #�b2/ QM i?2 �hla /B�`v /�v

?Qm`b �`2 β̂imX
9 h?2 bi�M/�`/ 2``Q`b �`2 BM T�`2Mi?2b2bX
8 h?2 2H�biB+BiB2b �`2 2p�Hm�i2/ �i i?2 `2bT2+iBp2 K2�M ?Qm`b rQ`F2/ BM 2�+? /�i� bQm`+2X
e h?2 R b[m�`2/ 7Q` BKTmi2 2biBK�iQ` Bb i?2 �p2`�;2 R b[m�`2/ Q7 i?2 b2p2M HBM2�` `2;`2bbBQM Q7 /�BHv ?Qm`b

rQ`F2/ Hit = X′
iβt + Uit 7Q` t = 1, . . . , 7X

d 6Q` 2�+? b�KTH2 ;`QmT- r2 +QM/m+i DQBMi >�mbK�M i2bib `2;�`/BM; r?2i?2` i?2`2 �`2 bB;MB}+�Mi /Bz2`2M+2b
#2ir22M β̂re �M/ β̂imX

3 h?2 Qi?2` +QMi`QH p�`B�#H2b �`2 �;2- �;2@b[m�`2/- irQ 2/m+�iBQM /mKKB2b- 2B;?i *2Mbmb /BpBbBQM /mKKB2b-
� K2i`QTQHBi�M �`2� /mKKv- `�+2 /mKKB2b- v2�` /mKKB2b- Q++mT�iBQM /mKKB2b �M/ BM/mbi`v /mKKB2bX

jy



6B;m`2 R, .hla q22FHv >Qm`b pbX _�M/QKHv .`�rM .�BHv >Qm`b ×7

LQi2, h?2 .hla b�KTH2 mb2/ ?2`2 Bb TQQH2/ �+`Qbb i?2 v2�`b RN38- RNNy- RNN8- kyyy- �M/ kyy8X h?2 b�KTH2 BM+Hm/2b QMHv 7mHH@iBK2
rQ`F2`b �;2/ #2ir22M k8 �M/ 89 �i i?2 iBK2 Q7 BMi2`pB2rX q2 mb2/ i?2 /27�mHi b�KTH2 r2B;?i Q7 i?2 .hla- r?B+? K�F2b i?2 r2B;?i2/
7`2[m2M+B2b Q7 i?2 /B�`B2b rBi?BM 2�+? �;2 �M/ b2t ;`QmT �`2 2p2MHv /Bbi`B#mi2/ BM � r22FX

6B;m`2 k, J2�bm`2K2Mi 1``Q`b BM i?2 .hla _2+�HH2/ q22FHv >Qm`b qQ`F2/

S�M2H � UH27iV, b+�ii2` THQi Q7 i?2 K2�bm`2K2Mi 2``Q`b BM `2+�HH2/ r22FHv ?Qm`b rQ`F2/ pböiö?2 .hla r22FHv ?Qm`b rQ`F2/X S�M2H "
U`B;?iV, F2`M2H /2MbBiv Q7 i?2 K2�bm`2K2Mi 2``Q`bX AM #Qi?- i?2 K2�bm`2K2Mi 2``Q`b �`2 Q#i�BM2/ #v bm#i`�+iBM; i?2 .hla r22FHv ?Qm`b
rQ`F2/ 7`QK i?2 `2+�HH2/ r22FHv ?Qm`b rQ`F2/ 7Q` i?2 b�K2 BM/BpB/m�HbX

jR
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