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1 Introduction

Econometric analysis of dyadic data can be complicated under the presence of unobserved
individual effects. If such effects are neglected, it would in general lead to inconsistency
of standard estimators such as MLE. This is due to the fact that neglecting unobserved
effects generally leads to model misspecification. It is also partly related to the well-known
incidental parameter problem in panel data analysis. There do exist versions of dyadic
models where standard estimators remain consistent even when unobserved effects are
neglected. However, the presence of unobserved effects in the data affects the rate of
convergence of standard estimators in a negative way, and the rate of convergence may
be slower than what is expected for standard estimatorsﬂ As such, standard errors based
on the presumption that the unobserved effects are present are too conservative if the
unobserved effects are in fact absent.

For these reasons, it would be pragmatically useful to examine whether there are any
neglected individual effects in dyadic regression models. This paper makes a contribution
in this regard by developing a convenient statistical test of neglected heterogenous effects
(even after controlling for observed dyadic specific explanatory variables), which is done
by modifying Breusch and Pagan| (1980)’s test (BP test hereafter). The BP test is a
Lagrange Multiplier (LM) test originally developed for panel data analysis to deal with
both individual and time effects, but the version of the BP test for detecting only the
individual effects seems to have received the most attention| From the viewpoint of
dyadic regression models, the most convenient feature of the BP test is perhaps that it is
an LM test, and as such, it requires calculation of the parameter estimates only under the
null of no unobserved heterogeneityﬂ This feature simplifies the computation and makes it
pragmatically very attractive, as the computational problem disappears due to the absence

of unobserved heterogeneity under the null.

!Examples include (Graham| (2020) and [Menzel (2017).
2Such a version of the BP test can be interpreted to be a test of overdispersion |Cox (1983), and it

is related to White (1982))’s information matrix test, as was pointed out by |Chesher| (1984). See also

Lancaster| (1984) for the asymptotic distribution of the test under the null.
3See also [Engle| (1984)).



The LM test in dyadic models turns out to be very similar to the sum of the two BP
test statistics in panel regressions, one for detection of individual effects and the other for
detection of time effects. Therefore, the asymptotic properties of our modified BP test can
be characterized by deriving the joint distribution of the two BP test statistics. Hondal
(1985)) analyzed the asymptotic size of the two BP test statistics for linear panel regression
models. Therefore, in principle, the asymptotic analysis of our test statistics would simply
require nonlinear generalization of Honda| (1985)’s argument. Unfortunately, we found
that some of the arguments in Hondal (1985)’s proof is incorrect. It turns out to be quite
challenging to correct Hondal (1985)’s proof. We overcome the problem by approximating
the test statistics with a novel martingale that we construct in the appendix, which we
consider to be an important contribution of the paper.

Our endeavor produced a few interesting by-products that are of independent interest in
themselves. In addition to characterizing the asymptotic null distribution of the modified
BP test in both dyadic regressions and panel regressions, we address the question of power
of the BP test in generic panel models.lﬂ To our knowledge, Honda/| (1985) is the only one
who analyzed the asymptotic power of the BP test, and he did so against random effects
in linear models.

In this paper, we make significant progress over [Honda, (1985) in two dimensions. First,
we derive the asymptotic power of the BP test against random effects in general nonlinear
models. Second, which is more important, we also consider the power of the BP test against
the alternative of fized effects. By fixed effects, we mean the type of general unobserved
variables that may have arbitrary dependence structure with the observed explanatory
Variables.E] The BP test was specifically designed to detect the alternative of random
effects, as is clear in the derivation by Breusch and Pagan| (1980) or (Chesher| (1984). The
random effects are by assumption independent of all the observable explanatory variables,

so such an alternative may be argued to be restrictivelf] Our paper fills this gap in the

4Throughout this paper, the power is defined to be the local power.
SChamberlain| (1984)) called such a variable the correlated random effects.
STf the more general alternative of fixed effects is to be considered, one may adopt a version of the

conditional moment restrictions test, as discussed in [Hahn et al.| (2017]).



literature and analyzes the local power of the BP test against the general alternative of
fixed effects. Modifying [Newey| (1985)’s argumentﬂ we obtain the asymptotic results,
based on which we argue that the BP test in general has a power against the fixed effects.ﬂ

We also derive the convenient implication that it is unnecessary to adjust for noise in
estimation of MLE in two-way models (for characterization of the asymptotic distribution
under the null hypothesis) under the asymptotics where both the cross sectional dimension
(N) and the time series dimension (T") grow to infinity. This has a convenient implication
in the application to dyadic models, but may superficially appear to contradict |Lancaster
(1984))’s result, which implies that such an adjustment is necessary. We explain that the
difference can be explained by the fact that |Lancaster| (1984)’s analysis was on fixed T
and N — oo asymptotics.

We recognize that a specification test of the type analyzed in the paper is often as-
sociated with the pre-test bias in the usual cross sectional analysis, and we expect the
same issue with uniformity in the application to the dyadic/panel data analysis. This is a
generic problem for which we are unable to offer a general solution.

The paper is organized as follows. Our results for dyadic models are in Section [2|
Section [3| presents results for local power of the BP test in nonlinear panel models. Section
[ presents an argument for why the asymptotic distribution under the null does not need
to adjust for noise of estimation of MLE. Finite sample sizes and powers of the LM test

in a nonlinear dyadic regression model are in Section [l Section [6] concludes.

"The regularity conditions in Newey (1985) make it easy to obtain results along the line of Le Cam’s

Third Lemma.
8To be more precise, we show that the probability of rejection is higher under the alternative than

under the null, i.e., we show that the BP test is locally unbiased.



2 Test of Neglected Heterogeneity in Dyadic Regres-
sion Models

In this section, we formulate the null hypothesis of no neglected heterogeneity in dyadic
regression frameworks for either directed or undirected dyadic observations, and derive
the limiting distributions of the test statistics under the null hypothesis. We also make a
connection to the classical BP test against one-way and two-way error component panel
data models.

Suppose that N := {1,..., N} is the set of sample agents. A pair of two different agents
constitute a dyad, (i,7) € N x N with i # j. Let (Y;;, X;;) denote dyadic observations.

Undirected Dyadic Regression. Suppose that dyadic observations (Y;;, X;;) are undi-
rected, that is, (Y, Xi;) = (Yji, Xj;) for i, j € N with ¢ # j. The random effects likelihood
of typical undirected dyadic regression models has a generic representation,

N-1 N

\/‘H/HHf(yij"rij,eo+€iL+€jL)k(€1)"‘k(eN)d€1~--d€N~ (1)

=1 j>i
Here, f (yij| ®ij, 00 + €it +€j1) denotes the marginal likelihood of y;; given the observed
explanatory variables z;; as well as unobserved heterogenous effects ¢; and €;. The ¢ is a
vector of the same dimension as the parameter of interest #,, where the first coordinate
is equal to 1 and the rest are 0. Equation captures the gist of the linear model of the
form Yi; = X[,0p + ;i + ;5 + vy (but not limited to the linear model), where we assume
that the first component of X;; is 1 (i.e., the intercept term), and we understand es as
representing the heterogeneity of the first component of §,. (More detailed discussion on
the modeling is presented in the one-way error component model.) The density f(-]) is
then derived from the density of v;;. Finally, the es are assumed to be independent and
identically distributed with density & (-), which gives rise to the above joint density.
In order to simplify the notation a bit, we rewrite the joint density in as

N-1 N

E. HHf(yij|xij790+5iL+€jL) ;

i=1 j>i



where E. [] denotes the expectation with respect to the es, fixing everything else constant.

The LM test of overdispersion can be understood to be a test against the alternative
where the density & (+) is very close to zero, loosely speaking. This is given a more rigorous
meaning by considering the alternative parameterization indexed by a scale parameter 7,

N-1 N

h(yle, 60, vm) == Eo | [T 11/ (visl i, 00 + Vi + v/neje) |

i=1 j>i
where the density of es is fixed, and we test the null hypothesis that the scale parameter
is zero, i.e.,

Hy:n=0. (2)

Directed Dyadic Regression If the dyadic observations (Y;;, X;;) are directed so that
(Yij, Xij) # (Yii, Xji) for i, 5 € N with i # j in general, the likelihood of typical directed

dyadic regression models has a generic representation,
N N
/~~/HHf(yiﬂxij,@o—i-eiL—l—ejL) X k'l (61) kl (eN)d61 ...deN

1=1 j#i

N N
HHf(y”| Tij, 90 + &t + €jL)

i=1 j#i

= F. , (3)

where €; and ¢; are unobserved effects of “out” agent 7 and “in” agent j, respectively.

Like in the undirected case, we reparameterize the likelihood as

N N
h(yl @, 00,v/m) = e | T LTS (wisl s 00 + viieie + /g0

i=1 j#i

and test

Hy:n=0. (4)

2.1 LM Test of Neglected Heterogeneity in Directed Dyadic Re-

gression Models

The LM test of the null hypothesis is based on the score function with the parameter

estimate under the null restriction. To derive the LM test statistic in the directed dyadic

6



regression, first we consider the first order derivative of the likelihood function with respect

to the parameter 7. Define

B<y|937‘90,\/m7 \/%) = EE

N N
TTIL/ (wesl s 60 + Ve + \/@%L)] :

i=1 j#i

Then, by definition, we have

oh (y’ x7907 \/ﬁ)
on

_ }_7‘ (y| 1’790, \/E7 O)

a}_l (y‘ €, 007 07 \/%)
+
om

ona

(5)

n=0 =0 n2=0
To proceed with , we take a detour and relate the two terms in to the BP test

statistic for overdispersion in one-way error component panel models.

2.1.1 Review of the BP Test in One-Way Error Component Panel Regression
Models

We will consider the panel model with possible unobserved individual heterogeneity and
present the LM test to detect neglected heterogeneity. For a one-way error component
panel model, this is largely a review of Breusch and Pagan (1980)) as well as Chesher
(1984). Assume that we observe a random sample (Y;, X;),i=1,...,N. Y; and X, can be
vectors. In the panel data analysis where each individual is observed over 71" time periods,
we will have Y; = (Yi1,...,Ysr) and X; = (X/,..., X/;)". Note that the first component
of X be 1 (the intercept). We let X7, denotes X;; excluding the intercept and define X
accordingly. We assume that the conditional density of Y; given Xj is given by the function
f (y|x, @), where 0 is a g-dimensional parameter that characterizes the density. Under the
null hypothesis, the first component 6; of ¢ is fixed at 6y, but under the alternative
hypothesis, it may be a random variable indexed by . This is motivated by the linear

model with one-way error component
}/it:X:t/ﬁ"i_ai"_Uit, izl,...,N, tzl,...,T,

where «; denotes the unobserved individual heterogeneity. Suppose that vy ~ N (0,02) is

independent of (X}, a;), and is independent over i and ¢. We can then understand that



the parameter § = (o, 3, 02)" may be different across different individuals. Note that we
assume that only the first component 6; of 0 is allowed to be different across i, i.e., scalar
random (or fixed) effects | The heterogeneity of the first component 6 of 6 can be modeled
as 0,1 plus a random variable €;. Under the random effects specification, the heterogeneity
is independent of X, and therefore the conditional density of the heterogeneity given
X, = x is equal to the marginal density. Under the random effects approach, it is also
common to assume that the expectation of the heterogeneity is zero. In order to accentuate
the local nature of the alternative, we may choose to write 6, ; = 0y 1 +n¢e;, where E [¢;] = 0
and 7 > 0 is a “small” number and the conditional density of ¢; given X; = z; is k(). The
conditional density of Y; given X; = x; and &; = e; is then equal to f (y;| x;, 0y + ne;t) =
[ (yil i, (Boq +mei, Bo2, - .., 00,)). It follows that the conditional density of Y; given X; =
x; i

h (yil i,00,m) = Ee [f (yi| 24,00 + ngit)]

where the expectation is taken with respect to the distribution of . Note that h (y;| z;,6,0) =
[ (yi] z;,0). We consider the second order Taylor series expansion of h (y;| z;,0,n) with
respect to n around (6,7n) = (6o, 0).

Under the assumption that we can exchange differentiation and integration, we obtain

oh (yz| i, Oo, 77)

o [of (il o) 1 Of (wil i, 6o) _
an o E. { a0, o~ g, ClEl=0
Ph(yilwi,00,m)| 5 [0°f (wilwi,00) 5] O*f (wil wi, 00) ¢ o
on? =0 b { 00 52} B 007 Bl=]- ©)

Therefore, we have

2 0? il @i, 0
b (2 B0.m) = 3 00,0) L LWL 00) oy gy

o
003 °
where 02 = F [¢?]. Given the form of the expansion, it would make sense to consider the

parameterization h (y2| x5, 0, \/ﬁ) instead (i.e., F. [f (yz| 2,00 + \/ﬁE,'L)} ), which delivers

9There is no reason that the LM test should be confined to the scalar effects, as is evident from
Chesher| (1984)’s derivation. On the other hand, the scalar effects are a common feature in many panel

data analysis, and were the basis of the LM test as was presented in |Breusch and Pagan| (1980).



the expansionV]

62f Yi| i, 0
h (yi| xi, 0o, \/ﬁ) = h(yi| %, 60,0) + g%gg +o(n).
1

This implies that

on n—0 n 2
n=0

h (il @i, 00, /1) — b (il 23,00,0) 1O (] 1, 60)
== 50 . (7)
1

Now, we consider the joint conditional density of the entire data

N

Hf (il zi, 00 + neit)

=1

h<y|xa007n) = E&

9

and consider the form of the LM test statistic. It is straightforward to show that

_ Y Y02 f (yil i, 00) 1067\
. —jl_[lf<yj|$j790) (Z 7 (i 72, 60) o;.

=1

ah (y| 55790,77)
on

82h (y| xz, 00a 7))
on?

n=0 n=
Therefore, it follows from a similar Taylor expansion argument that in the random effect
one-way error component panel model (not necessarily linear), the LM test can be based
on the score

h‘<y|$a9070)

(RO (il i b0) /063
2 (Z f(?/i|517i790) 7e

=1

or equivalently based on E

N T N T 2
1 821Hf(Yit‘Xit,90) 1 Iln f (Yie| Xit, o)
TS of ok (R SIRSTES o SLLS AR B

i=1 t=1 i=1 t=1

B P,y is the same as the statistic in below, and Appendix gives the justification
of the normalization by v NT'.

10Chesher| (1984) directly worked with h (y| x, 09, \/ﬁ) and applied L’Ho6pital’s rule. The Taylor expan-
sion adopted here makes it easier to understand the role of the zero mean assumption, i.e., F [g;] = 0.
2 P 2
HBecause Zle %W + ( le %@lx“’e“)) has a zero expectation under correct spec-
ification, the LM statistic in has the information matrix test interpretation. See Chesher (1984).



2.1.2 Back to the LM Test of Neglected Heterogeneity in Directed Dyadic

Regression Models

We now get back to ,

0h(y]x,90,\/ﬁ) _ B(vaeo»\/m,O) + ah(y‘x760a07 \/%)
an o I - Iy -
=1+11, say.

Notice that the terms I and I correspond to the scores of the one-way error component
panel regression model. Therefore, in view of , we deduce that the LM test statistic of
the null hypothesis in the directed dyadic regression model is the sum of

N N N N 2
1 *1In f (Y| Xij, 60) 1 Oln f (Yi;| Xij,60)
- E E + E E 9
VNN = i 00 VNN = i 06, ¥
and
N N N N 2
1 9% In f (Y] Xi5,00) 1 Oln f (Y| Xy5,60)
— + > 1D ; 10
~/NNZIZ 002 VNN “— \ &~ 00, (10)
j=1 i#j Jj=1 i#j
that is,

LMy = (9) + (10). (11)

2.1.3 Comparison with the BP test in Two-Way Error Component Panel

Regression Models

Notice that the directed dyadic regression model and a two-way error component panel
model are similar. A widely applied two-way error component panel regression model

includes both individual and time effects as
Y;t:X,;//B—l-Oéi—F’yt—i-Uz‘t, ’izl,...,N,tzl,...,T.

Compared to , the two-way panel model pairs cross-section indexed by ¢ and time series
indexed by ¢. The dimensions of cross section (V) and time series (7') are different in

general, and if the panel is balanced, we observe all the pairs (Yj;, X;;). Similar to the

10



one-way panel model, we can understand that 6 = (a; + ¢, 3,02). The heterogeneity of
the first component 6; of 6 can then be modeled as 6y plus a random variable £;; that
differs across 7, as well as another random variable ey, that varies over t. If we assume

that the joint conditional density of all Y}; given all X;;, €1; and €9 is

T
H H (Yit| @it Oo + merit + 772€2tb)] )
=1 =1

then we recognize that the BP test statistic can be obtained by separately differentiating

B (y| xaeoﬂhaTh =FE

with respect to n; and 7. This implies that the BP test statistic for two-way error
components is a two-dimensional vector, with the first component being B P, defined
in

N

2
I f (Y| Xir 00) 1 =9I f (Yae Xir, 00)
ZZ 502 wNTZ(Z 5. ) (12

=1 t=1 =1 t=1

and the second component being the counterpart of B P4, when the alternative one-way

model under consideration contains only time effects

T N 2
1 0? 1Tlf(Yit|Xit,90 Oln f (Yie| Xit, 6p)
- . 13
WTLZ on Z Z o, "

That is,

BPauay = ((12), (13))". (14)

See Appendix |C| for justification of the normalization by v/ NT and Nv/T. Therefore, our
test statistic LMy for the dyadic model in is almost equal to the sum of the two

components of B Py, for the special case N =T H

2.1.4 Asymptotic Distribution of the LM test statistic LM, in ((11])

In this subsection, we discuss how to establish the asymptotic theory of the LM test
statistic LM, in . Comparing LM, in the directed dyadic regression model and the

12By the same token, a directed dyadic model where each individual has two fixed effects (e.g., each
country has an exporter effect £;1 and an importer effect €;5) is mathematically identical to the panel model
with time and individual fixed effects, with N = T and the i = ¢ observations excluded. Alternatively,
one can think of a particular form of heterogeneity e; = I{exporter}; x ;1 + I{importer}; x £;2, and our

analysis in this paper remains unchanged.

11



sum of the two components of the traditional BP test statistic B Payqy in in the two-
way error component panel model, we find that the two are almost equal to each other,
except that LM, only considers the i # j terms (i.e., the i # ¢ terms in the panel model)
with N =T.

The traditional BP test in the two-way error component linear panel regression model
was first proposed by Breusch and Pagan| (1980), and then subsequently Honda (1985)
derived the asymptotic distribution of the test statistic. Given these existing studies and
the closeness between the two test statistics mentioned above, one may think that the
asymptotic null distribution of the LM test statistic can be easily derived using the
result in Honda| (1985))’s. Unfortunately, it is not the case.

The problem with Honda| (1985)’s analysis is that in proving the joint asymptotic
distribution of and , or more precisely the counterparts of and in linear
models, Honda (1985, Lemma 2) asserts that if two uncorrelated sequences of random
variables both converge to normal distributions, then they jointly converge to a bivariate
normal distribution. This argument is incorrect.H Fortunately, his result can be saved,
although it turned out to be quite challenging. In the rest of this subsection, we will
present a correct argument for the asymptotic independence by using a novel martingale
construction and applying a martingale central limit theorem.

To make the discussion above concrete, it is convenient to rewrite the statistic in ((12)

1 QL (& (P f (Vad Xaos00) (00 f (Vi X 60)
WT;<Z< % +( " )

as

t=1
+ - R XT: On f (Yie| Xit, 6o) OIn f (Vis| Xis, 60) (15)
\/NT i=1 t,s=1,t#s % - |

Under the null, because

821nf(yit‘Xit790)+ 9dln f(Yit| Xit,600)
89% 001

2
) is independent over ¢ and ¢ with

mean zero, the first term in 1) has mean zero and variance of order #O (NT) =

O (T™1). Therefore, the statistic in is asymptotically equivalent to the second term

ﬁ SN Z:S:Lt;és alnf(g’;lx”’go) 81nf(ig;lxis,90) in 1) under the null. Likewise, the statis-

13See |[Kuersteiner and Pruchal (2013)’s Example 1 for related discussion.
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tic in is asymptotically equivalent to —leﬁ Ethl Z%’:u;ﬁ] S azetlxmeo) i 55?”60)

under the null.

For simplicity of notation, let U;; denote %ﬂ){itﬂo) fortr=1,...,Nandt=1,...,T.

So, our objective is to analyze the joint asymptotic distribution of ﬁ Zf\il 23:8:1,15 4s UiUss
and WT Zf\;:“ 4 ST UyUj,. Honda (1985) argued that these two statistics are uncor-
related, and drew the conclusion that they are asymptotically independent, which is the
mistake that we will fix by constructing a novel martingale structureE
We use the Cramér-Wold theorem and define
ANy = 0——— \/_N Z Z UalUis + ~——= Z Z UicUje. (16)
i=1 t,s=1,t£s ij=1yi#j t=1

Without loss of generality, we will assume that |g| < co. The |po| = oo case is where we
are only interested in the marginal distribution of ﬁ Zf\il ZZS=1¢ 4s U;;U;s, which can
be established using symmetry by considering the o = 0 case.E

Lemma 1 Suppose that U;; are z'z'am with variance o and a finite fourth moment across

1,t. Suppose that N,T — oo with % — Kk and 0 < kK < co. We then have

1\ 4
ANT =N 0, 2 —+ ) oy |-
K K
Proof. In Appendix[A2] =

Lemma 2 Suppose that Uy are iid with variance o and a finite fourth moment across

1,t. Suppose that N,T — oo with % — Kk and 0 < kK < co. We then have

N T

N\lﬁ Zi,j:l,i;éj > i UitUje LN 0 208, 0
N T ’

\/%T > it Zt,sZLt;es UiUis 0 0 205

4The construction is technical in nature, and can be found in Appendix
15The two cases ¢ = 0 and |g| = oo correspond to the first half of Lemma 2 in [Honda| (1985)), which

was correctly proven.
6The iid assumption will be satisfied if (X;+,Y; ) are iid. The iid assumption is sufficient but not

necessary for validity of our martingale structure, which is a crucial component in our proof. As long as
Xs are strictly exogenous, the martingale will continue to be valid, so we do not need that (X, Y; ) are
iid. On the other hand, the iid assumption facilitates other technical analysis, which will be complicated

when the iid assumption is violated.

13



Proof. In Appendix[A3] =

Comparison between the two statistics in Lemma [2| (for the directed dyadic model if
N = T) and the two statistics in and for the panel model suggests that the
only difference between them is that the test statistics for the directed dyadic model only
considers the i # j terms (i.e., the ¢ # t terms in the panel model). It turns out to be
the case that the deletion of the (i,4) observations has an asymptotically negligible effect.
This is formally summarized in the following theorem, which is our main result for the

directed dyadic model.

Theorem 1 Suppose that U;; are iid with variance of; and a finite fourth moment across
1,7. We then have
LMy = N (0,407) .

Proof. In Appendix[A.4] =

Remark 1 The analysis in Section [ implies that the result in Theorem [1] carries over
to the feasible version of LMy, where 0y is estimated. To be more precise, let 6% and Ox
denote a consistent estimator of ¥ and the MLE of 6y, then we have (lN(gN))2 /46 = X3

under the null hypothesis of no unobserved heterogeneity, where

. 821nf Z],HN) 1 al al alnf( il Xij, ) i
llN(gN . \/_NZZ 892 +\/NNZ<; 591 7

i=1 j#i 1=1
2
821nf z];eN) 1 al al alnf( | 59 )
Ly(Oy) = ——

and lN(Q_N) = llN(QN) + l2N<9_N)'

2.2 LM Test of Neglected Heterogeneity in Undirected Dyadic

Regression Models

For undirected dyadic regression, Y;; = Yj; and X;; = Xj;, and we can write the joint

Jjis

conditional density of all Y;; given all X;; and ¢; as

N-1 N
h(ylz,00, /01, -, v/in) == Ex H Hf (yijl @i, 0o + /migit + /MjEj)
=1 j>i
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Similar to the derivation of and , we recognize that the LM test statistic can be
obtained by taking separate first order differentiation with respect to n;...ny and then

adding them together. In particular, we see that our LM test statistic would be

N N N 2
1 0?1 Yii| X, 6 ol Yii| X, 0
LM, = Z Z n f( 32’ j»0) i Z nf (Y| Xij, 6o) . (7
NV/N 4 — 0 — 90,

i=1 \ j#i J#i
which is almost identical to the BP test statistic in the one-way error component panel
model, as shown in , except that we are using j instead of ¢ and excluding the terms

where ¢ = j. Because Y;; = Yj;, the martingale needs to be constructed more carefully.

For this purpose, we rewrite the statistic in as

N N 2
2 O In f (Yy| Xij,00) | (0In f (Yy| Xiy,00)
M= 22 ( e (TR

i=1 j>i
L1 i(ialnf(mxﬁ,eo)( i alnfmj,\xij,,eo)»
NN \E 9, J %1

The first term on the right is a sum of N (N — 1) /2 iid random variables with zero mean
2
under the null, so its variance is of order (ﬁ) O (N (N —1)) = o(1). Therefore, the

test statistic is asymptotically equivalent to the second term under the null; that is

N /N N
1 O1n f (Y] Xij, 0o) dln f (Yiyr| Xijr, 0o)
bt L3 (SO (55 InIOBINN) )
NVN = i 96, J1Fi A 96,

(18)

We let U;; = %ﬂx’j’eo) as before if ¢ # j, and define U;; = 0 if i = j. We then write

the main term in as

N N

1
AN:N—\/NZ Z Ui;Uij

i=1 j,j'=1,j#7"
so it superficially resembles Anr, the term that we analyzed in Lemma [T, except that

Ui; = Uj; in the current setup.

Lemma 3 Suppose U;; are iid with variance of; and a finite fourth moment across i, j
(i # j). We then have
Ay = N (0,207) .

15



Proof. In Appendix[A5] =
Then, from ((18)), we have the following theorem.

Theorem 2 Suppose U;; are iid with variance of and a finite fourth moment across i, j
(i # j). We then have
LM,q = N (0,207) .

3 Power of the BP Test

We now analyze the power aspect of the LM test. Given that the LM test statistic in
dyadic models is asymptotically equivalent to the sum of two components and of
the traditional BP test statistic in panel models with two-way error components and that
equals B P4y defined in , it suffices to consider the power properties of B Py,
the BP test statistic in panel models with one-way error componentsm So, in this section,
we focus on the analysis of the power of the BP test in generic one-way error component
panel models. In order to understand the power properties better, we adopt the fixed
T approach. After all, with large T', the power cannot decrease. We consider two kinds
of alternatives. First, we consider the random effects, where the individual effects are
assumed to be independent of the explanatory variable X. The derivation in @ shows
that the LM test was motivated by the random effects assumption, since the density of ¢
there does not depend on X. Second, we consider the fixed effects, where the conditional
distribution of the individual effects on the explanatory variable X may depend on the
realization of X. If we allow arbitrary conditional density k(-|z) of &; given X; = ;,

which is appropriate under the fixed effects specification, we would change the derivation

"Lemma 2 shows that and , the two components of B Py, are asymptotically independent.
The two components of LMy, @D and , therefore, are also asymptotically independent as shown in
the proof of Theorem 1. Since their asymptotic distributions are contiguous (verified but not shown), it
suffices to focus on BPi,y. (The asymptotic bias of LMy, the source of the power, is simply two times

the asymptotic bias of BPiyqy-)

16



in @ to
oh (%’ xi, 0o, 77)
on

_ Of (yilwi, 00)
- 801 lu (.TZ) I

where we define p (z) := E[g;| X; = x]. Because one can consider arbitrary specification
of p(x), the score test that is against all possible specifications of the fixed effects would

test whether the equality

of (Yi| Xi,00)/ 00,

PlTrvix e

p(Xi)| =0 (19)

holds for all (XZ)E Because the score test is equivalent to an infinite number of uncon-
ditional moment restrictions , a practitioner needs to confront the resultant statistical
complicationsm Our objective is not to develop different tests for different alternatives.
Rather, we would like to examine the power properties of the BP test against general
alternatives including fixed effects, even though BP,., in (8) was initially developed to
detect the random effects. This is an interesting question for practice because the BP test
is relatively simple to implement; it is an LM test, and therefore, it suffices to estimate
the parameters under the null hypothesis of no neglected heterogeneity, which may be
very convenient computationally. Therefore, one may ask the question of whether the BP
test can actually detect the fixed effects, even though the fixed effects were not the initial
target and therefore, the BP test is not expected to be as powerful as the test of infinite
number of moment restrictions when p(-) # 0. We show that the BP test has a power

even against the fixed effects, although its power may be weak in linear models.

3.1 Power of the BP Test Against Random Effects

We begin with the random effects. Even though it seems to be such an elementary question,

we have not found a literature that deals with the power of the BP test in general nonlinear

18This prompted Hahn et al.| (2017) to conclude that any test of the conditional moment restriction

E [W XZ} = 0 can be a possible test of fixed effects.

9A pragmatic choice would be to work with u(X;) = X;, an approach similar to the generic test of

over-identification considered by |[Chamberlain| (1984] Section 4).
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models, an obvious gap in the literature if our library research is correct. Using , we

can see that our BP statistic can be written as my (éN), where

my (0) := N*lzm(ziﬁ), m (2, 0) = 2 fﬁjﬁ% % (20)

z denotes the observed data vector, and 0y denotes the MLE of # under the null hypoth-
esis of no unobserved heterogeneity. The local power can be analyzed by deriving the
asymptotic distribution under the appropriate sequence of DGP’s under the alternative of
random effects. Newey| (1985))’s analysis is almost tailor-made for our purpose, which we
adopt as the main tool of analysism Minor differences do exist. For example, the discus-
sion in the previous section suggests that the local power analysis should be conducted
by examining the N'/4 = \/W—neighborhood, i.e., by examining the local alternatives
of the form 6,; = 0p1 + N -1/ 451- As a result, we will consider the local alternatives of
random effects where (i) 6,; = 01 + N~'/%¢;, (ii) ¢; is independent of X;; (iii) E[g;] = 0
and FE [¢2] = o2.

Next theorem gives the local power property of the BP test against the alternatives of

random effects.
Theorem 3 Under Assumptions[]] -[7 detailed in Appendix we get
B 2
\/NmN (QN) =N (% (/il — /-{,/2_'[*1,%2) , K1 — 5/211:‘4,2) ,

where

_ Of (y|z,00)/ 00
s(z,00) = F (ol 00)

T :=E[s(Z;,00)s(Z;,00)] =—FE {

<a2f<n|xi,eo>/ae%)2
[ (V3] Xi, 6o)

@8 (ZZ, 80)
oo’ '

k1 = F

)

20In this section, we also adopt Newey| (1985)’s notation wherever is possible.
2'Honda (1985) worked with a case that includes both the individual and time effects, and assumed

that N, T — oo at the same rate. Because we are working with models without time effects and with fixed

T, it is a little difficult to make a direct comparison.
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2f (Y] X;,00)/ 003
f (Vi X, 00) S(Zi’(%)} .

K9 :E1|:a

Proof. In Appendix[B.2] m

Theorem 3| implies that (i) we could use a squared standardized BP test statistic

(Vmy (0x))

: (21)

where Ry, ke, Z are consistent estimators of k1, ke, Z; and (ii) its asymptotic distribution

under 0,; = 6y + N ~1/4¢; is a non-central x? distribution with noncentrality parameter

2
o2

<75> (k1 — KhZ 1ky). Note that k) — k5L~ k9 can be interpreted to be the variance of the
residual when m (Z;, 6y) is regressed on s (Z;, 0y). Unless such residual variance is equal to
zero, we should expect that the BP test would have a power against the random effects,
i.e., the probability of rejection is higher under the alternative than under the null. Given
that k1 — KhZ k9 is equal to the asymptotic variance of VvV Nmy (éN), we can conclude

that such a pathological anomaly as x; — k5Z 'ky = 0 should not be expected in practice.

As an example, let’s consider a panel logit model where
}/;t:H{X;5/50+CJéN7i+UZ‘tZO}, izl,...,N, tzl,...,T, (22)

where ay; = ap under the null and an; = oy + N —1/4¢, under the alternative. Let
0 = (a;,'), and assume that v; are errors such that the log conditional density of Y;

given X; and 6 is characterized by

In f (Y| X; 9)—ZT: PR O\t ) NI VA NS
N U T - exp(X,0) Y v exp(XL0) )

Let Ay (0) := exp (X},0)/ (1 + exp (X/,0)) and note that OA;/ 90 = Ayp(1 — Ay) Xy Then

we have

!

s (Vi Xi,600) = > (Yie — M) Xt

t=1
821n f (Y;| X, 6o) T
; ’ - — Alt(l A )X tXZ,t
0000 ZH



We can see that the BP test statistic is based on

O In (Vi Xi,00) <8lnf(Yi!Xi»90))2

m(Zi;b0) := 902 90,

= — ZAit(l — Ai) + (Z(Y;'t - Ait)> ;

t=1

and if we assume that Yj; and Y, (¢ # s) are independent given X, then we have

T
T=E > MAa(l—Ni)XuX] |,
=1
:tT T
) ZAz‘t(l — N (1 —2A4)% + 2 Z A (1= As)Ais (1 — Agy) |
| t=1 t,s,=1,t#s
r T
Ko = E ZAzt(l - Azt)(]- - 2Azt)th] .
t=1

3.1.1 Discussion

Remark 2 Under the null, we can take o2 = 0, so the asymptotic null distribution is

N(0, k1 — KA k), which justifies the test statistic (21)). See also|Lancaster] (1984).

Remark 3 Note that k1 is equal to the variance of m(z,6y) under the null. Therefore,
the component —kyT 'Ky represents the noise of estimating the MLE 0,, as part of the test
statistic. It turns out that the linear panel model is a special case where ko = 0, and the

test statistic does not need to be adjusted for the noise of estimating the MLE/OLS. See
Appendiz[B4)

Remark 4 The ko has yet another interpretation. If ko = 0, the MLE is asymptotically

unbiased even under the alternative of random effects, as discussed in Remark[I0] in Ap-
0%f(Yi|Xi,00) | 062
J(Yi]X;,00)

s (Yi| Xi,00), the MLE is not affected under the alternatives of random effects. Note that

pendix |B.2. In other words, if the statistic 1s uncorrelated with the score

kg 1s identical to the numerator of the bias formula in panel data analysis as discussed in

Hahn and Newey (2004, p.]315).@ If such a diagnostic test is desired, one can test the

22See the bias formula involving Vs, in the second to last displayed equation. The Va;, there is equivalent

to our test statistic. See also |Arellano and Hahn| (2007, Section 3.1) for a similar expression.
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null hypothesis ko = 0 by evaluating the test statistic based on

N o2 Y. A 2
R I e
7 iy YN

i=1

S(Yi|X1;,§N)-

Using standard arguments, it can be shown that this statistic is equal to

2 2 N
1/22 a Y’Xzae(]) /80 (Y;‘XHGO) +/€ZI_1N_1/2ZS(}/;’XZ‘,90) +Op (1>’

Y|X’L790) i1
wherﬁ@
0 (0*f(Yi| X;,0,) /067 D% f (Y| Xy, 00) /003 Os (Yi| X, 00)
=F|— Y.| X, FE
i {ae( 7 (Y1 X0 00) )S( g “90)1* { TV X 00) 50

It follows that

Y\ X;,0y) /067 _ 5
1/2 - ) o 1
§ 7YX 0) s (Y| X, 0n) — N (0,53 — k4T 'K4)

where k3 == F {(W)QS (Y;| Xi,60) s (Y] Xi,Qo)/} , and the squared standard-
ized test statistic takes the form NF (/%3 — ,‘%22'1/%4>1 ko, where k3 and ky are straight-
forward sample analogs of k3 and ky. Obuviously, the distribution of the test statistic under
the null of ko =0 is X (where q is the dimension of 6).

A sequential test procedure can therefore be used in practice. First, test whether there
is neglected heterogeneity in the random effects form, i.e., whether E[m(Z;,6y)] = 0, by
comparing the BP test statistic in with X%,lfoﬂ the upper a level critical value from
the x2 distribution. If this test rejects the null, then proceed to test whether ky = 0
by comparing Nk, (/%3 — f%ﬁlfll%éL)l ko with ngl_a, the upper « level critical value from
the x§ distribution. If the null is not rejected, then the neglected heterogeneity does not
significantly affect the inference based on the MLE which does not take it into account.

This sequential procedure has an overall false rejection probability (weakly) smaller than «.

23Note that
D*f(Y;] X5, 00)/063
F (Y3 Xi,00)

if ko = 0, which may provide a basis for an alternative form of the asymptotic variance.

kg =—FE s(Yi| X5, 00)s(Yi| X3, 00)
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3.2 Power of the BP Test Against Fixed Effects

The discussion leading up to indicates that the parameterization h (y| x, 0y, \/ﬁ) is
appropriate for local power analysis when p(X;) = E'[g;] X;] = 0, while the parameteriza-
tion A (y| z, 6y, n) is appropriate for local power analysis when E [g;| X;] # 0. The former
parameterization captures the appropriate second order effects, as is evident in the deriva-
tion of , and the latter captures the first order effects. Therefore, a useful synthesis is

to combine the two and to consider the local parameterization of the form

/ (?Jz‘ Ty, (901 +— (@) + — 2t 902,...,90#1)) 7 (#)

N2 TN
where F [ef| 2;] = 0.
Next theorem gives the local power property of the BP test against the alternatives of
fixed effects of the form @

Theorem 4 Under Assumptions|1] -3, [3] and [ - [7 detailed in Appendiz|[B.1, we get
\/NmN (éN) =N ([[1, —K,IQ.,Zil] (KF + K}%) Y /‘iéIilfig) s

where Iy, is the k x k identity matriz (k =1 here),

5 . 2

f(Yi]X4,60)

Xz} M(Xz‘)}
E{E s (Y] Xi,00) s1(Yi] Xi, 00)] Xi] 0 (Xi)}

92 f(Y;|Xi,00) /063
E{E < F(YilX4,00) ) }
K7 == 5

E[(1)] X 5 (V3] X, 0) 2L 90)/892}

KF =

Y

J (Y3l Xi,60)

and s1 (Y;| X, 6p) denotes the first coordinate of the score s (Y;| X;,00).

Proof. In Appendix[B.3] m
Similar to the random effect case, Theorem {4| implies that (i) we could use the same
squared standardized BP test statistic in in the fixed effect case; and (ii) its asymptotic

distribution under 6y + % + ﬁ is a non-central x? distribution with noncentrality

([n=mz ) (Pt K5))”
Kk1—kHhT 1Ko ’

parameter

24Theorem 4| makes a marginal contribution over Hahn et al.| (2017)’s Proposition 2 by explicitly

accounting for the noise of estimating .
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4 A Pragmatic Aspect of the LM Test

In practice, we would have to confront the fact that 6 is estimated and examine how the
noise of estimating @, by the MLE 6, affects the distribution of the test statistic under the
null. We will argue that for the two-way error component panel models with N,T" — oo
asymptotics, the noise does not affect the asymptotic distribution. For this purpose, it
suffices to examine the distribution of evaluated at the MLE

PIg (Yol XunB) 1 n (a0l f (Yal X))
ZZ 962 Jr\/NTZ Z 00, ’ (24)

=1 t=1 i=1 t=1

where we recognize that the MLE is such that v NT (Q_n — 00) = O, (1) under the null,
with the N, T — oo asymptotics. Under such asymptotics, it can be shown that has
the same distribution as under the null.@ By a similar argument, we can conclude
that has the same asymptotic distribution as its feasible counterpart, where the two
0y in are replaced by én

Hondaj (1985) analyzed the asymptotic properties of the BP test for the linear model,
and his analysis indicates that the feasible test statistic evaluated at the MLE does not need
to reflect the noise of estimating the MLE. On the other hand, Lancaster (1984) showed
that it is in general necessary to adjust for such noise in general nonlinear models. In
Section [3.1.1} we explained that this seeming contradiction can be understood by noticing
that [Lancaster| (1984)’s adjustment is unnecessary for linear modelsm In this section,
we went one step further to show that [Lancaster| (1984)’s adjustment is unnecessary for
general two-way error component panel models. Lancaster| (1984)) implicitly adopted “large
N, fixed T” asymptotics, which is natural for one-way error component panel models. In
contrast, the two-way models make it necessary to adopt a “large N, large T” asymptotic
framework. Given that the natural asymptotic frameworks are different, there is no logical

contradiction.

25See Appendix
260ur conclusion only requires that and are both unaffected by the noise of the estimation

of 6y. Hence, the joint asymptotic distribution of the random vector consisting of and , if it is

correctly established, is unaffected by such a noise.
27See Remark
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Our result in this section has convenient pragmatic implications beyond two-way error
component panel models. First, due to the equality between and , Lancaster
(1984)’s adjustment is unnecessary for one-way error component panel models if a “large
N, large T” asymptotic framework is adopted. Second, and more importantly, due to the
asymptotic equivalence between LM, in and the sum of and when N =T,

Lancaster| (1984)’s adjustment is also unnecessary for directed dyadic regression models.

5 Monte Carlo Experiments

We explore finite sample properties of the LM test in two directed dyadic link formation

models with unobserved individual heterogeneity. Model 1 is

Yij = ]I{l’ijeo +¢&; + g; + Vij > 0},

xij = W; * U)j,

11
i dU S R
w 21 ( 5 2)

g; ~ iid N(0,0?),

Vij ~ 1d N(O, 1)7

where 6y = 1,7 # j, and 4,5 € {1,...,N}. We run R = 5000 Monte Carlo repetitions,
and for each one we vary N € {23,32} and o2 € {1/2,1/8,1/32,0} %] &;s in this model
are random effects since their distribution does not depend on x;;s.

Model 2 is the same as Model 1, except it contains fixed effects e; ~ N (0.2, o2(1 +

max
3

")), and ¢;s are mutually independent, where x

= max;; Tjj-

Finite sample sizes and powers of the LM test for these models are reported in Panel
A of Table[I] The results are consistent with our theoretical analysis.

To understand the effect of misspecification of the conditional likelihood f(Y;;]X;;,6),
we also let v;; ~ idid logistic(0, ‘/75) and run 5000 Monte Carlo repetitions of our test

assuming the standard normal distribution of v;;. The results are reported in Panel B of

28We choose these N values such that the effective sample sizes, N(N — 1), are roughly 500 and 1000,

respectively.
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Table [I} The rejection rates increase due to the misspecification, but not by much. More
importantly, the sizes are still well controlled by the nominal level, so our test appears to

be reasonably robust to mild misspecification of the conditional likelihood.

Table 1: Rejection Rates of Level 5% LM Test

Panel A: correct specification, i.e., v;; ~ 7id N(0,1)
Model 1 (Random Effects) Model 2 (Fixed Effects)
o2 1/2 1/8 1/32 0 /2 1/8 1/32 0
N =23 1.000 0.947 0.280 0.027 1.000 0.971 0.343 0.027
N =32 1.000 0.999 0.653 0.033 1.000 1.000 0.754 0.033

Panel B: misspecification, i.e., vy; ~ 4id logistic(0,/3/T)

Model 1 (Random Effects) Model 2 (Fixed Effects)

o2 1/2 1/8 1/32 0 12 1/8 1/32 0
N =23 1.000 0.981 0.386 0.028 1.000 0.990 0.466 0.028
N =32 1.000 1.000 0.778 0.035 1.000 1.000 0.861 0.035

6 Summary

We developed a test of neglected individual effects in dyadic regression models by modifying
the BP test. The test statistic is almost identical to the the sum of two components of
the BP test statistic in the panel data analysis for testing the presence of two-way error
components. Asymptotic distribution of the test statistic is carefully derived based on a
novel martingale argument.

We also derived several interesting results about the BP test in generic panel data
analysis. We showed that the test has a power against fixed effects, even though it was
developed to detect random effects. We also analyzed the nature of the distortion to the
asymptotic distribution induced by the noise of estimating the MLE, and found that the

noise need not be accounted for with one-way linear models or general two-way models.
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Online Appendices
for
“Test of Neglected Heterogeneity in Dyadic Models”

by
Jinyong Hahn, Hyungsik Roger Moon and Ruoyao Shi

A Proof of the Theorems in Section 2

A.1 Construction of a Martingale Difference Sequence Array

We assume T := T'(N), where T(N) — oo is an increasing function of N with & — x and
0 < kK < oo. For simplicity, we will often use notation 7" instead of T'(N).

Our proof of Theorem [1] relies on a novel construction of a martingale difference se-
quence, which we explicitly discuss here. We can rewrite v N Ayt as

N T
\/NANT = Q% Z Z UiUss + Z Z UltU]t

i=1 t,s=1,t#s 1] 1,i#£5 t=1

5 o N T /i1
=0y > Z (ZUZS> it—f—NZZ _ th) Uit
U,

i=2 t=2 i=2 t=2 \j=1
9 T t—1 9 N /i-1
—I—QNZ (Z Uls) Ult—i_ﬁz ( Ujl) i1
t=2 \s=1 i—2 \j—=1
9 N T i—1 t—1
= ZZ{( th>+9< Uis Ua| +0,(1). (A1)
=2 t=2 7j=1 s=1

Remark 5 The O, (1) term in (A.1) is equal to

T

Z(;ws) Uy + ~ Z(ZUﬂ) 11_25) 3 U18U1t+— S UnUa,

1<s<t<T 1<]<Z<N

which is indeed of stochastic order of O, (1) because

2
(% Z U15U1t+% Z Uleﬂ)

1<s<t<T 1<j<i<N
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2
2 2
< 20°E (-N § U13U1t> +2F <—N Ej UﬂUﬂ>

1<s<t<T 1<j<i<N
82
=<5 > B+ N > E[(UaUa)?]

1<s<t<T 1<j<i<N

C82T(T—1) , 8 N(N-1) ,

Nz o UT N g U
=0(1)

asN,T—)oowith%—)nand0<li<oo.

Sl e

for 2<i< N and 2 <t <T,and we can rewrite the leading term of ({A.1))

TS0 o(£0) iS50

1=2 t=2

Define

Assume N < T in the following, and the case where N > T can be handled symmetri-
cally. Define

2
Ing = Qo = N (Urg + 0Uz) Uss.

Next, for 3 < n < N, define

n—1 n—1
t=2 1=2

2 -
9 n—1 n—1
7=1 s=1
Also, if N < T, then for N+ 1 <n <T, define
N 9 N i—1 n—1
ZNn = ;an = N;{(;U]n> +Q <521U7,s> } Um



Therefore, the leading term of (A.1)) can be further rewritten as

=2 t=2 1=2 t=2

In sum, we see that

T
VNAnT =Y Znn+ 0, (1), (A.2)
n=2

and we will analyze 2522 Zn . using the martingale described below.
For 1 <n < N, define Fy, to be the sigma field generated by {U; : 1 <1i,t <n}. For
N+1 < n <T,define Fy,, to be the sigma field generated by {Uy : 1 <i < N, 1 <t <n}.
By definition, we have Fy; C Fyo2 C --- C Fyr, and Zy,, is measurable with respect

to Fn,, for 2 <n <T. Also, we have
E(ZN,n’fN,nfl) =0 and E(’ZN,nD < 00,

for 2 < n < T. Therefore, {Znn, Fnn ,2 < n < T} is a martingale difference sequence

array.

A.2 Proof of Lemma [

With the assumption N < T', we define

n=2 1=2 t=2 7j=1 s=1
T N 1—1 t—1
2
e 3 zN,n:N[z S {( Uﬁ>+@< )}U
n=N+1 1=2 t=N+1 j=1 s=1

If N =T, then let Cy7 = 0. We can rewrite
VNAnT = Byn + Cnr + 0, (1) .

We will work with Hall and Heyde| (1980)’s Corollary 3.3 to obtain the CLT. Because
of complexity of notation, we will take care of Byy and Cnp separately and obtain in-
termediate results in the next two subsections. All the intermediate results assume the
conditions in Lemma [, and we skip the conditions in stating the intermediate results.

The intermediate results can be combined to show the result of Lemma [l as follows.

30



Lemma 4 E Uzn QE[ ot

Faa] 2 (24 8ot

)

N+ No? +To?
ot +o(1)

=,

Proof. From Lemmas [9] and [13], we have
Z3 Z3
e[| - (e

=2(0*+1) o, +2(T = N)

2
= T (Te*+N) oy +o(l),
from which we conclude that

N
T 2
ZNn
AR
n=2
where we recall that x = hm 2. Combined with
T 2 2 2
ZZVn ZZVn
E : 1| - F : =o0(1

n=2
which follows from Lemmas [§ and [I2], we obtain the conclusion. m

1 2
<—+%) o +o(1),

K

E

T 2N
Lemma 5 ) L FE [W} =o0(1).

Proof. It is a consequence of Lemmas [I0] and [T4 m
By Lemmas [4] and [5] we can see that [Hall and Heyde (1980)’s (3.38) and (3.40) are
satisfied with p = 2. Therefore, we can conclude by Hall and Heyde (1980)’s Corollary 3.3

ZZVn 1 QQ 4
0,2 =
z v(o2(5+5)at).

which, combined with , implies the result of Lemma .

that

2
ZNn

Remark 6 Lemma|75| implies maxXo<, <7 [

FN - 1} =0, (1), which is a counterpart

Frai| 20,

of \Hall and Heyde| (1980)°s (3.34). This can be seen by letting W,, :== E [Zjl\(]”

and noting that we have for any e > 0,

T
P(maanZe)§P< W3262>
2<n<T

n=2



VAN
mwl —_
N
5
=

E

€2

(VAN
— Q=
&
&=

[ 2
N2

Remark 7 Lemmal[ also implies that Hall and Heyde (1980)’s (3.36), i.e., the Lindeberg-

(22)]

Feller condition, is satisfied. For this purpose, note that

(il =250

n= n=2

ZN,n
VN

A.2.1 Analysis of Byy

We will assume that n < N below. Recall that

2

INo = I (Urg + 0Us) Uz,

and for 3<n <N,

n—1 n—1 t—1 n—1 i—1 n—1
2 2
N.n N 2 { (JEZI Uﬁ) + 1Y (SE:1 Uns> } Unt + N ;22 { <j21 U]n) + 0 <§21 Uzs) } Um

Notice that

Lemma 6 For3 <n < N, we have

2 2
Z% — (U, 4@204 — (U 2(1+0*)n(n—1)
E| = Fyn| = Ys = = i
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Proof. We have

4 n—1 n—1 U 2
E[Z3 | Fyn-1] = Z (Z O_g> ol 4+ 0 (t—1)o% po?
=2

t j=1
n—1 n—1 2
4 . Uis
+mi:2 (Z_1)0T2J+Q2 (821 UU) 02U U2U
4
—I—m{(n—l)ag—l—QQ(n—l)a?}}a(Qj,

from which we derive the implication. m
Lemma 7 Suppose that the kurtosis o Z—JUt 1s K+ 1. We then have

(A4)

n 2 2
Var (Z %> =2n?+ (K —2)n, and Var (Z ) =2+ (K —2)n.
oy

ou

j=1 s=1

Proof. We have

g
7j=1 U 7j=1

Upe\*
oy

SO

The second statement holds by symmetry. m

72

Lemma 8 E UZQ]—Q (E [%

P -2 [%])f] =00

N n=1"n’

(A.5)

2
Proof. Since <i v an> <+ SN a2, the desired result of the lemma follows if

we show

33 B[] P - E LD - ot

33



Notice that by the independence among U;; and the definition of Fy 1, we have E [212\[,2‘ .FNJ] —
E [212\772] = 0. Then,

1 (1
g_8E v Z (E [ij\m‘ FN,n—l} E [ZJQVn])zl
1 (1 2
a_SE ~ Z (E[Z3 | Frn-i1] — E [ Z3,)) ]
U n=3

1 1 N 4 n—1 n—1 U 2 402 n—1 /n—1 U, 2
= V: - ~it 4+ = is 4 ’
where we used Lemma [0] for the last equality. Therefore, we have
1 RS 2 2 2
LB | LS (B2 Frn] — E[23,)
U n=2

t=2 N =2 s=1 ou
N n—1 /n—1 2 n—1 /n-1 2
32 U
= — Z Var -t + o* Var ©
5 — OU ou
n=3 t=2 \j=1 =2 \s=1
39 N |n=t n—1 ..\ 2 n—1 =l 2
-2y S ((S2) ) S ((£2) )|
_ _ — OU — — OU
n=3 | t=2 7=1 1=2 s=1
2
where in the last equality, we used the fact that (i) (Z?;ll Z—i;) are independent over ¢;

and (ii) (Z"‘l )

a1 ) are independent over . Using Lemma we obtain
=1 op

Var (i%) —2(n—174+(K—-2)(n—1),

Jj=

Var (" gj) —2(n—174+(K—-2)(n—1),
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from which we obtain

e %3 @ m] - 2D < 20|

g
U n=3

(1),

n—

1
t=2

n=2

1

)

— O(N—l) —

as required. m

72

Lemma 9 YV FE (E [ -

fNJHD =2(0®+1) ok +o(1).

Proof. For 3 < n, from (A.4), we obtain

n

2(n—1)"+

n—1 n—1 2
E (E [Z]2Vn| ]:N,n_l]) = 4 E (Z U—]> op +0* (t—1)op p op

o
j=1 Y

n—1
4 U,
T '__1 2 21; ?
+ 2 2 (i—1)o;+o0 (Za

s=1 U

4
+ 3 {n=Dog+o* (n=1)op}op,

from which together with (A.3]) we obtain

2
2 2
) Ou ¢ Ou

+Z(% ._ ((2—1)+Q2(n—1))>+4(1]\;g) (n—1)
—2(0°+1).

4
Lemma 10 SV E [Z;VV;} —o(1).

Proof. It is straightforward to show that

~

—_

[|
N

(K—=2)(n—1)



In what follows, we show

5[] ot

so we see that Zy ,, is the sum of n—2+n—2+1 terms of 2 { <Zn 'U. t> + 0 (Zi;ll Uns)} Upt,
{(zz U ) +o (X )} Usp, and 2 {(Z” U, ) +o (X0 UL )}Unn,wherei,t:

2,...,n—1. For notational simplicity, here let’s call each term W; with j = 1,...,2n—3. We

first note that W; and W}, are independent conditional on Fy ,—; due to the independence

among U,;, U;, and U,,,. Then, we have

2n—3 2n—3
[(Z W) Fnnt| = Y E[W} Fyna] +3) E[W/W}| Fyan].
Jj=1 I3’

Using the Cauchy-Schwarz inequality, we have

2n—3

2n—3
(ZW) Frmt <ZE (W} Fanoa] +3 3\ E (Wi Frna ]\ E (W] Faooi]
J#y
2n—3
< Z3E (W1 Fa] +8 3 \E W] P [W;
£
2n—3 ]JQ
()
j=1

2
In what follows, we derive an upper bound of ( 2” 3 \/E W ‘ FNn— ID .

el )
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() ) v

— <%)4E —<(§th> +0 <§ Uns>>4 Fnn-t1| (K+1)0f;

From (A.5) and symmetry, we have

E [(i Z) ] (= DK +1)+3(t—1)(t—2)

s=1

=3t -1+ (K—-2)(t—1).

Then,
()5
= (ni th> + 60° <"i th) (t—1)op
e (Su)e| (5 Um) o -1 - - )
Using that

t—1 3
< Uns> SUU,

where S denotes the skewness of U;; /oy, we further conclude that

(s +@<m>>4
— (jl th) + 60° (Z th> (t—1)o

—

FN,n—l

+40°S (nZUﬁ) t—1Dop+0"(3(t—12+(K—-2)(t-1)0

j=1
Notice that if o =0,



On the other hand, if p # 0,

n—1 4
< (Z th> +8¢° (Z th> (t—1)o

J=1

+0' (3t -1+ (K —2)(t—1)) o +2(t — 1)0"* S0,
where we used the fact that
602 (t — 1) op +40°Sz (t — 1) o}, < 80*2% (t — 1) ofy + 2(t — 1)0*S?a;

for all z on the real line and ¢ > 2. Then, we can find a finite constant M (that only

depend on K, S, 0%, o) sufficiently large such that

ot (B(t— 1+ (K —2)(t— 1)) of +2(t — 1)0*S?cf, < M? (¢ — 1)?,
1<2M(t—1),

80> (t — 1) o, <2M (t — 1),
for all t = 2,3, .... For example, it is possible if
1
M > max { (3@40?} +|K — 2|oof + 2943202‘})1/2 5 4@20[2]} )

Then, it follows that

GG )] e
_ (%)4E ((ni th> +0 (ti Um)) Fro-t| (K+1)0

7j=1 s=1 |
9 4 n—1 n—1 2
g(ﬁ> th> +2( t—1)M< th> M2 —1)? | (K +1) o}
Jj=1 7j=1
C n—1 2 2
< U]t> +M(Et-1)] ,
Nt <J 1

and here and in what follows C denotes a generic constant. Likewise, we get

) g ()
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Using (A.5)) and symmetry, we also get

[ {Ee) o (&)} o i

Then we derive the following upper bound of 22" 3 \/ E W ‘ FNn— 1}

2

> +M(t—1)

> \/E (W | Frna] < Vi

o
=1 =2 v

2n—3 n—1 n—1
C ( U,

n—1 n—1 2 2

C Uss . C

+ m ( ) + M (Z—l) + —(n—1)2.
1=2

Using the above bound, we obtain

74 2n—3 3 2n—3 ?
o[z =5 | e (S |7 < & (55 VR
U

N2

Ou

g% nz_: (nX_:U—J> +M(t—1) +§: (n_ UUS) +MGE-1)|+(n-1)

t=2 7j=1 =2 s=1
¢ 2
= W(Dn,l + Dn,Q + Dn,S + Dn,4 + Dn,B)
C
< 36D+ Dag+ Dog + Doy + Drs),

)2 n— n— n— 2
where Dy, = ?_21 (Z;l_ll %) » D2 = Mzt:21(t — 1), Dps = Zi:zl <Zs:11 g;) ’
Dyy:=MY " 1(2 —1) and D, 5 :==n — 1. By the Cauchy-Schwartz inequality and 1'
we have

n—1 n—1 U 4 -1
E(D?)<nd> E -t ((n—1)(K +1)+3(n—1)(n—2)) < Cn*.
ERED IS ) B ol )+ 3= 1 —2)

Similarly, we can show
E(D2,) < Cn.

Also, it is straight forward to see that
D2, + D2, + D:, < Cnt
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for 3 < n. Then,

> [

as desired for the lemma. =

4 N 4
ZNn ZN,n

A.2.2 Analysis of Cyr

We will assume that n > N below. Recall that

for N+1<n<T.

Lemma 11 For N +1<n <T, we have

2
Z3om 2 10°0% <~ [
E[ : ]—"N,n_l]:m(N—l)aéJr N3UZ > U

N
Proof. It follows from

2
ZNn

Lemma 12 E UZ::NH (E [

o] -5

Proof. Using the Cauchy-Schwarz inequality, we have

S (e[ %elonec] -2[5])

| =ow.

n=N-+1
1 T
o SRCIC AES —E[zm\
n=N-+1
T-N[ 1 )\
<IN (5 S (Bl Rl - B IR
n=N-+1
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. 1/2
L% S el -ElA))

n=N-+1

Since % — % — 1, the lemma follows if we show

% Z (E |:Z]2Vn‘ ]:N,n—l] - LK [levn])2] = o(1).

n=N+1

E

We have

where we used Lemma|l1]in the second equality, and in the last equality, we used the fact
2
that (Z;;l Z—U> are independent over i.

Using Lemma [7], we get

Var((iif) ) =2(n—174+(K—-2)(n—1).

It follows that

0_1(8]E %nzj\;ﬂ (E[Z3 | Fyn1] — E [Z?Vn})z
:1;3;; > m- (K =2 -1)
=O(N™1) =o(1),

from which we get the desired conclusion. m
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2
ZN,n

Lemma 13 ' Ny B (E[ N

Fra1|) =2(T = N) X816 (1),

Proof. Using Lemma [11] we have

n=N+1 =2 s=1
T N
2 40°
- 3 (BT e-)
n=N+1 =2
2 2 2 4
S ) R —90?
N TN +N T
2 2 2 2 2 2 2 2 2 2
2 2
_ 2 2 2
——2@ +NT+WTQ —2+0(1)

74

Lemma 14 ZZ:N—H E [ JJVVQ"} =o(1).

Proof. Recall that for N +1 <n < T, we have

so we see that Zy, consists of N — 1 terms like %{(ZZ L U; ) +o0 (Zz;ll Uis)} Uip.
Let’s call them W; with j =1,..., N —1. We first note that W, and W} are independent

conditional on Fy,_1 due to the independence among Uy, (i =2,..., N). Then, we have
N-1 4 N-1
DI SEESES W L E)
j=1 j=1 i

Using the Cauchy-Schwarz inequality, we have

H

N-1 4 N-1
(ZM@) Fnt gZE (W Frn] —I—BZ\/E [W4| Fnei] \/E

Jj=1 J#3’

2@

IN

BE (W} Fad] + 331/ [Wi| Frno ]\ E W)
1 J#5’

<.
Il
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=3 (:V;l VE W IN,M}>2.

As in the proof of Lemma [I0] we can bound

9 i—1 n—1 4 c oy 2

for some finite generic constant C. Therefore, we get the following bound

Zim 1 (= ! 3 (N1 ’ 2
ElNQ fN,n_l]:E m(jl Wi> Fmos gﬁ(; \/E[Wj‘}"Nm_l})
C (& o))

< % 2; M(z’—l)—i—(s:l UU)

where we use the Cauchy-Schwarz inequality in the last line. By (A.5)) and symmetry, we

have
E (nz ZU> =(n—-1)(K+1)+3n-1)(n-2).
Therefore,
a Z?V,n d Z;l\/,n
3 rhw)= 3 e[
<C <<T e S 2 (00 1 3 - 2)))

as required for the lemma. m
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A.3 Proof of Lemma [2

Note that the following equality holds if o = O:

1 al T VN 1 N T
—ﬁ; Z wUse = \/_< VN Z ZUZtUJt+QN\/NZ Z UztUﬁs)

i,j=1,i#j t=1 i=1 t,s=1,t#s
vVIN
_ANT7

VT

so its marginal asymptotic distribution can be deduced from Lemma [I| by taking o = 0

2
and multiplying the asymptotic variance by (hm %) = k. In other words, Lemma
implies that

\/_ Z ZUltUﬁ = N (0,207) .

i,j=1,1#7 t=1

By symmetry, we can deduce that

N T
Z Z Uy Ug = N (O, 20'21]) .
—1 o=

Lemma (1] implies that in addition to these marginal asymptotic results, their joint

asymptotic distribution is also normal. Letting cov denote the asymptotic covariance, we

. . N T N T
see that the asymptotic variance of ﬁ’f Zm.:l#j Dot UitUjﬁ—fﬁ Yot Zt,szl,#s Ui Ui

would be
4 2 4 4 21 4 0’ 4
200 + & - 207 + 26cov = 207, + 0 ~ 20 +26cov =21+ ) + 2&cov.

On the other hand, the joint distribution can be taken care of by analyzing

1 N T T
N—\/T Z ZUzt ]t‘i‘f\/—TZ Z UiUss

=1 i1=1 t,s=1,t#s

1
T Z ZUztth+§\/7 v ¢_Z Z UnUZS)

-
&,
Il
-
%,
LS
<.
4~

T( Nz] 1175]t 1 i=1 t,s=1,t#s
\/N< 1
- Z Z UztUgt -+ 00— — Z Z UztUzs
T N\/Nz] 1,1#£7 t=1 \/_z 1 t,s=1,t#s
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for o = £y/k, where we assume for convenience that N/T is fixed. According to Lemma ,
we obtain that the asymptotic variance of ﬁﬁ Zgj:l#j Zthl Uitth—l—fﬁ Zfil ZZSZL#S Ui Uis
is equal to I - 2 (% + i—z) of =2 (1 + %) of; regardless of the value of £. So, we conclude
that the asymptotic covariance cov should be equal to zero. To conclude, Lemma[I] implies

that

( %l Z ZUztUJt,\/_ Z Z UnUw> (|0 [ 0

4
i,5=1,i#j t=1 i=1 t,s=1,t#s 0 0 20’U

A.4 Proof of Theorem [1I

We assume that N = T and examine the contribution of the term with ¢ = ¢. In other

words, for , we are looking at

2
PInf (Yl Xi,0) 1 Oln f (Y| Xir, 00)
\/_NZZ 003 \/NNZ g 060,

=1 t=1 =1

2
ZZa Inf (Yiel Xar,60) 1 i(zalnﬂmmeg))
i=1 t£i 01 VNN i=1 \ t#i 06,
o 1 2321nf(yii|Xii,90)+ 1 a (81nf(}/ii|Xii,90))2
VNN & 06} VNN & 06,
(

2 Z(alnf(mxu,eo)> ialnf Y| Xit, 0o)
\/NN 00, oy 060,

. 0°In f (Yul Xii,00) | (Oln f (Yiil Xii, 00)\”
= /NN ; ( 962 N ( 26, ) ) (A1)

N
2 alnf Y;Z|X12700> 1 z :8111f zt|Xit;90)
N N 4 ( 06, > <\/ 06, . (A8)

t#1

2 2
0% 1In f(Y;:]| Xi4,0 Oln f( Y| Xi4,0
Beca use f( ‘ O) ( f( | O)

502 361 > is iid over ¢ with mean zero, we see that the
1

term in (A.7)) is of order O (N!). As for the term in (A.8)), we see that

(alnﬂmxii,eo)) 1§:alnf<m|xmeo> 0
00, VN < 96, o

E
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and

Oln f (Yl Xi,00)\> [ 1 dln f ( Zt|th,90)
b ( o0, ) (J‘%; )

1

1 Oln f (Yi| Xit, 0o)
(5 mmms)

t#i

B ln f (Y| Xii, 00)\°
(e,

=0(1),

Oln f (Yl Xi60)\ [ 1 <=0l f (Yal X 60) \|
NZ( 06, ) (mtz 00, =0

Oln f (Yi| Xii, 00) 1 Oln f (Y| Xit, 6p) i . -1
(NZ( 90, )<fz Z )) o

SO

t#i
Therefore, the sum of (A.7) and (A.8) are of order O (N~'/2); that is, ignoring the i = ¢

terms in does not add any complications to the asymptotic distribution analysis. The
same conclusion can be drawn for , too. This shows that the difference between the
two test statistics LMy and BP,,, is small, as argued at the beginning of Section [2.1.4]
In addition, recall that we have shown after that the two statistics in Lemma [2| are
asymptotically equivalent to and , respectively. Then the result of this theorem

follows from Lemma 2

A.5 Proof of Lemma [3

Letting Q;; = (ZJ >UZJ for 2 < 4,7,7/ < N, we can follow the argument in
Remark [f] to rewrite

\/NAN:%ZZ<ZUW> - Z(zz@my

j'=1

[\

M=
)= &

Qij + Op(1).

T
[\
.
i
[N}

For n > 3, define
n—1 —1
=2 =2
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9 n—1 i—1 9 n—1 n—1 9 n—1
= Z (Z Unj) Uni + (Z Uij) Uin + N (Z Unj) Unin
i=2 \j=1 i j=1 j=1
— 2 <
I

where the last equality holds because U,,, = 0. Then we get

=
=

||
H o

N
VNANy =" Z3, +0,(1).
n=2

In order to overcome the difficulty related to the dependence, note that we can write

the second component of Z3, , above as

n—1 /n—1 n—1 /n—1
Z (Z Uzy) n ZUlezn + Z ( Uz]) U

i=2 \j=1 j=2
= }E:lalchn'+ :E: CQjLQ”
i,j= 227%
= zizljﬂlﬁn‘+’ j{: Cﬁglﬁn'+’ jE: CCJLLN
i= 2z<] i= 22>]
::zi:lﬁlchn%_ j{: LC]U%L+_ j{: lquGn
1=2,i<j 1=2,5>1
n—1 n—1
== EE:(AILE”'+' :E: l&y£%n'+’£ﬁ]£6n)
1=2,1<j
n—1 n—1
= Z UinUyi + Z Usij (Uni + Uyj)
=2 1=2,i<J

where we used U;; = 0 in the second equality, simply interchanged the indices ¢ and j in
the last term of the fourth equality, and the fifth and the sixth equalities hold because
Uji = Ul] It follows that

-1 n—1
Zﬁkn - ji: nllﬂn +‘ ji: Lﬂulﬂu + = j{:ljﬂlﬂu'+ :E:, lﬁ; [LM +_lﬂm)
=2 1=2,1<j 1=2,1<j
Note that
1 N n—1
AT n Lan _’07

47



1 N n—1 2 1 N n—1
E <N Z UnlUm> = m Z 04U =0 (1) )
n=2 =2 | n=2 (=2
and
1 N n-—1 7
E |5 UnlUu| =0,
n=2 =2 i
1 n—1 2] 1 N n-—1
Z Ulem) = 79 Z 0-24] = O ) )
(N n=2 =2 ] N2 n=2 =2

so we can further write

9 N -1 9 N -1
\/NANZNZZ ' NZZ

§ Uni 4 Unj) + Op (1)

n=21i=2, n=2 =2,
For n > 4, define
9 n—1 9 n—1
INn = N Z ‘Unz’Unj + N Z AUij (Uni + Uyj),
1=2,1<j 1=2,1<j

then we have

VNAy = i Znm + O,(1). (A.9)

And because U;; are iid, we have
E [ZN,n| JfN,n—l] = 07

where Fn,3 < n < N, is the filtration defined in page 33 with U;; = 0.

Again, we will work with Hall and Heyde, (1980))’s Corollary 3.3 to obtain the CLT. By
Lemmas [16] [17] and [I§] below, we see that [Hall and Heyde] (1980)’s (3.38) and (3.40) are
satisfied with p = 2. Therefore, we can conclude by Hall and Heyde (1980)’s Corollary 3.3

that
N

Z 0

which together with (A.9)) imphes the result of Lemma

Lemma 15

2(n—2)(n—

E [ Z3n| Frn1] =

N2
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2 n—3 n—1 40_
UiUsjr + 2 Z Z UsiUy;j

1= 2]>1] >i,5'#j J=4 i<j,i' <j,i' #i

4UU Z UijUii + 40U Z UijUjjr-

2=1'<i<j 2=i<5<y’

Proof. We have

n—1 2
2
2%, = (N > (UniUnj + Usj (Uni + Unj))>
ey

4 n—1
= N2 (UniUnj + Usj (Ui + Unj))?
1=2,1<J
n—1
4
+ > (UniUnj + Usj (Uni + Unj)) (UnirUnjr + Uty (Unir + Unjt)) -
i=2,i<,i/ =2, <j' i #i or j'#j
We start with the analysis of the first term on the right, and note that

=
? ~7:N,n—1] = —2 Z +U2 20(2]))
4<j
n—1

4 8‘7U
2(n-2)(n- 5y

N2
1=2,1<j

n—1
4
E | > (UniUnj + Usj (Uni + Uyy))
1=2,1<J

As for the second term on the right, we need to consider the following four cases

Case I: i =i, j' # j, leading to
n—1
4
Z E[(UniUnj + Uij (Uni + Unj)) (UniUnjr + Usjr (Uni + Upgr) )| Fvn-1]

N2
1=2,i<j,i' =24/ <j’ i’ =i,j' #j

n-3  n-1
= % Z Z UiiUiyots;
=2 j>i,j1>1,5/#]
Case II: i' #£ i, j' = j, leading to
4 n—1
— > E [(UniUnj + Usj (Uni 4 Unj)) (Uit Unj + Uit (Upit + Upj))| Fivn1]

N2
i=2,i< i =21/ <! i'#i5'=]

4 n—1 n—2
== mz Z UZ‘jUi/jO'?];

J=4 i<l <jil#i
Case III: ' < j' =i < 7, leading to
n—1
4
E[(UniUynj 4+ Ui (Uni + Upj)) (UnirUpi + Usri (Upir + Upi) )| Fnn—1]

N2
2=i! <jl=i<j
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n—1
4

2=i<i<j
Case IV:i < j =17 < j', leading to

n—1

4
O ElUnilUnj + Usj (Uni + Unj)) (UnjUnjr + Usje (Unj + Unj)))| Frvmr]

N2
2=i<j=i'<j’
-1
4 n
= m E UZ]U]J/O'U.

2=1<j <y’
Combining these four cases and the first term gives the result of the lemma. =

72

P - £[4)[] =0

2
ZN,n
N

Lemma 16 F [‘254 (E [

2
Proof. Since <% SV an) < % SN a2, the desired result of the lemma follows if

we show §
E %; (E[Z3,| Fana] — B [van]f] — o(1)
We have "
R a (E[ 230 Fana] — E [Z?Vn]f] - LSLXN:VM (B[22, Funs]).
v [N ’ ’ op N &~ ,

Using Lemma it suffices to show that

%iwﬂ (f;ﬂ Z (Z) —o(1), (A.10)

—0(1), (A.11)

=o0(1), (A.13)

=o(1). (A.14)

%ZV"“ (ﬁ %_1 | ni ‘Uz'jszj> =o(1), (A.12)



In order to prove ({A.10]), we note that by the iid of U,

(3 ()-S5 (8 (%)

1=2,1<J 1=2,1<]
C N n-—1 2
:ﬁz Z Var((UU]) >
n=4 1=2,1<J
=0(N?) =0(1)

In order to prove (A.11), we note that U;; are iid, so

1 & 40U
N Z‘l Var Z Z UijUij/ =

1=2 j>4,5'>4,5'#]

2o
1[]=
t

N n—3 ~1
“WXY Y () (%)
= i
N n=4 =2 j>i,5'>i,5'#j ou ou

Oy

3
I
N
-
[|
[\
<.
Y
Q\
Vv
&

I
S 3o
] =
i
T
3

<
—
E
~
<
—
Q=
< S
~

where the first equality holds because E <Z Z]>u i i ZUJ ZZ] ) =0dueto E(U;;) =0
and the iid of U;;, the second equality holds because we know that the cross product terms
are zero due to the fact that ¢ < j, ¢ < j' and j # j', the third equality holds because
E(U;;) = 0 and Uj; are iid, and the fourth equality holds because we recognize that
S, Zy>u i gty Var ( ) Var ( ) = O (n?®) uniformly. We can prove (A.12) - (A.14

similarly. m

2
ZN,n

Lemma 17 ), F (B | %

]-_N,n_l}) = 20f +o0(1).

Proof. Note that the last four terms in Lemma [15| have zero expectations due to the

iid of U;;. Therefore, Lemma [I5 implies that

N N n—1
1 4o, (n—2)(n—3) 1 8o,
EZE( {—‘f“ 1]):%2 o3t 2P
n=4 n=4 1=2,1<J

2(N—1)(N=2)(N=3) 8 «(n—2)(n—23)
:g N3 +_3Z
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(N-D(N-2)(N-3) 4N -1 -2)(N-3)

where in the second equality we used the definition of o7, and in the third equality we

used the fact that 2 (n —2)(n —3) = (N = 1)(N = 2)(N — 3)/3. =
Lemma 18 Y F [%} =o(1).
Proof. We rewrite

ZN, :_ Z Uann]+ Z Uz] Unz+UnJ)

= 2’L<j 1=2,1<J

9 n—1
NZ‘/]nl"i_NZV}nQ sz'ni’ﬂ
7j=3

where we use the symmetry U;; = Uj;, and define

j—1

‘/}n,l = E Uzn an = an,lana
=2
n—1

an,z = Uij an = Van,zan,
i=j+1
j—1

‘/}n,3 = Uji an = an,3an-
=2

4
ZN,n

4
The desired result 3, E e ] = 0/(1) follows if we show w5 SN LE |:<Z;L_22 V}‘n,2> } =

= o(1) with m = 1,3, which follow if we show

o(1) and 16 Zn B {(E an,m>4

| IS |

E (nZv;n,g) =O0(n*), and E (Zvjnm> = O0(n), (A.15)

where m =1, 3.

First note that there is a generic constant C' such that
E[(Win1)'] < Cf% E[(Wjn2)'] C(n=j)*, E[(Wjnas)'] <CJ7,
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because each W, ,, (m =1,2,3) is a sum of (j —2) or (n — j — 1) iid random variables
with mean zero and finite fourth moment. Our proof of consists of three parts.
Part (a): We show [(Zn s Vin )4] =0 (n%).
Notice that
EViin1Visn1Vign1Vima] = 0

unless one of the following cases happens. (al) : j1 = jo = j3 = ja; (a2) : three indices are
equal to each other and larger than the remaining one index (i.e., (j1 = js = ja) > J2);
(a3) : two indices are equal to each other, the remaining two indices are equal to each
other, and the pairs take different values (i.e., (j1 = j3) # (jo = ja)); or (a4) : two indices
are equal to each other, remaining two indices are different from each other and from the
first two identical indices (i.e., (j1 = ja) > jo > js). Recall that the expectation is zero if
Js > (J1 = Ja) > J2, Js > j2 > (J1 = Ja), or ji > j2 > jz > Ja.

Case (al) : We have

n—1 n—1 n—1
ZE jn l = Z E [VV;ln 1] E [U;ln] = O (Z jQ) = O(TL3>,
7j=3 7=3 7=3

as desired.

Case (a2) : By the Holder’s inequality, we have
E[(Wjin1Usin)*(Wiyn1Ujpn)]

1/4

IN

‘ (E[(ij,lUj1n>3]4/3)3/4 (E [(szn,lUj2n>4])

n—1

(E[(WyinaUs))) ] LZ (E [(Wisn1Upn)'])"*

i—3

IN

n—1

> (E W) (E )

Jj=3

—1 ; ) ; 1 n—1 ] 3/2 ; 1 n—1 ] 1/2
_ -3/2 -1/2 _ 5/2 ~ J 3/2 ~ J
7j=3 =3 3
@)

Jn,1

I
™
™

> (0w e 3/4]

J



as desired.

Case (a3) : By using a similar argument in the proof of Case (a2) with the Cauchy-

Schwarz’s inequality instead of the Holder’s inequality, we can show that
E[(Wjin1Ujin)*(Wizn1Upn)?] < O(n?).

Case (a4) : We then have to deal with

n—1 n—1 n—1
E , E E E [V} 1VisnaVigna]
J1=3 j2=3,<j1 j3=3,<j1,<J2

n—1 Ji—1j1—1j2—1753-1

Z Z Z Z Z E U“"U U’2”U13”U]21nUJ2nUJ3n]

J3<j2<j1 i1=2i{=2 i2=2 i3=2

- Ji—1j1—1j52—-1j3—1

S 5) 3) 9) SRR MRINPIR]

J3<j2<j1 1=2 4| =2 12=2 i3=2

We further consider several cases in case (a4):

e Case I: Let’s first assume that i = 73. If this is the case, we have iy = 13 < j3 < Ja,
so we can have F [UilnUi’aniani3nt2nt3n] 2 0 only if (i1,4}) = (ja, j3) or (i},41) =
(j2,73). This contributes

— J3—1 n—1j71—1j2—1
Z > B URULaUsn] B (Uga) = (ZZZ 3—2> O (n*)

J3<j2<j1 13=2 J1=4 j2=3 j3=2

to the sum.

e Case II: Let’s assume that i < i3. If this is the case, we have 15 < i3 < j3 < Ja, SO

we have F/ [UimUz-/anianiSntijw} = 0 regardless of the value of (iy,4}).
e Case III: Let’s assume that iy > i3.

— Case III (1): If we have iy < js, we have iz < iy < jz < jo, E [UiaUsnUsnUsynUjynUssn] =

0 regardless of the value of (iq,7}).
— Case III (2): Let’s assume that iy > i3, and js < iy, which means that i3 <
J3 <ig < Ja.
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« Case III (2-a): Let’s assume that iy > i3, and j; < i2, which means that

13 < j3 < 19 < jo. If thisis the case, we would have [UilnUianUiQnUiSntQntw} =

0 regardless of the value of (iy,14}).

« Case III (2-b): Let’s assume that is > i3, and j3 = iy, which means that i3 <
Jj3 = 19 < jo. If this is the case, we would have £ [UilnUignUiQnUianmUan] =+
0 only if (i1,4}) = (i3, j2) or (i1,4}) = (Ja,i3). This contributes

- Js3—1 — Jjz—1
2 2 2 2 2 2 2
E E E UMUMUM} m E E E UMU]Q,LUM} E(Um)
J3<j2<j1 t1=2 J3<jz2<j1 i3=2

n—1 ji1—1j2—1 n—1 ji—1j2—1
=o(zzz<j3—2>)+o(zzz<j3—z>) ~o )
Jj1=4 j2=3 jz=2 J1=4j2=3 jz=2
n—1 4
Part (b): We show E <Zj:3 ang> = O(n%).
Notice that
EViin2Vian2Vign2Vin2] = 0

unless one of the following cases happens. (bl) : j; = jo = j3 = ja; or (b2) : two indices
are equal to each other, the remaining two indices are equal to each other, and the pairs
take different values (i.e., (j1 = j3) # (J2 = ja)). The reason is as follows. Suppose that
one index, say ji, is different from the other three indices, say jo, js, ja. Then, Uj , is

independent of the rest, and so we have

E [‘/}1”72‘/}271,2‘/}3”,2%4%2]
= E W 1j 2Wa 15, 2Ujsn Wi 145 2Ujs s Wi 154 2Ujs 0] E [Ujy ] = 0.

The desired results in the cases (b1) and (b2) follow by the similar arguments used in cases
(al) and (a3), respectively.

Part (c): The desired result £ {(Z" S Vin )4] = O(n*) follows by the same argument
used in Part (b). m
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B Detailed Calculations for Section [3

B.1 Regularity Conditions

Assumption 1 The observed data Z; (i = 1,...,N) are independently and identically
distributed. Z; belongs to a measure space Z and consists of two subvectors X; and Y;
such that Z; = (Y/, X!)', and the conditional probability density function of Y; given X; is

)

h(y|z,0,m), where Oy is a q-dimensional parameter and n is a scalar parameter.

Let 0 € © C R% Let v := (#',n) and y € I'. Let 0; (j = 1,...,q) denote the jth

element of 6.
Assumption 2 For all 0 in © and almost all z in Z, h(y|z,0,0) = f(y|z,0).

Assumption 3 Let ¢; be a random variable that is independent of X; and has a probability
density function k(-) such that [ ek(e)de = 0 and [ e*k(e)de = oZ. Define h(ylxz,v) :=
f(ylz, (61 +ne, 62, ...,60,)).

Assumption 3’ Let e} be a random variable with a conditional probability density function
k(-|x) such that [ ek(e|z)de =0 for all x in the support X of X and sup,cr [ €*k(e|x)de <
0. Let u(z) denote a function of x and define h(y|x,v) := f(y|z, (O1+n*u(x)+ne*, 0a,. .., 0,)").

Remark 8 Although h(y|z,~) in Assumptz’ons@ cmd 1s conceptually different from that
m Assumptions and@ the former, when integrating out £ (or €*), satisfies the conditions
in Assumptions [1] and [9.  For this reason, we will slightly abuse the notation and use

h(y|z,v) to denote both.

For a matrix A = [a;;], let |A| = max; j |a;;|. Let fx(z) denote the marginal probability

density function of X;.

Assumption 4 For almost all z in Z, In f(y|x,0) is twice continuously differentiable with
respect to 01, and f(y|z,0), In f(y|z,0), Oln f(y|x,0)/060, and 0*In f(y|z,0)/00% are all

measurable functions of z for each 0 in O, where © is a compact subsets of RY. For
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almost all z in Z, In f(y|z,0), dln f(y|x,0)/06, and 0*In f(y|z,0)/007 are all contin-
uously differentiable with respect to 6. Oln f(ylx,0)/00, 0 (0In f(y|z,0)/06,) /00 and
0 (0*In f(y|z,0)/00%) /00 are all measurable functions of z for each 0 in ©. fx(z) is

a measurable function of z for each 6 in ©. 6y is an element of the interior of ©.

Assumption 5 There ezxist measurable functions a(z) and b(z) such that | f(y|x,0) fx(x)| <
a(z) and |0f (ylz,6)/06|, |0°f (y|x,0)/063|, 0% In f(y|a,0) /00T, [O1n f(ylz,0)/ 06", [0°
In f(y|x,0)/00300'|, |01n f(y|x,0)/00| and |0*In f(y|x,0)/0000'| are each less than b(z).
Further, it is the case that [a(z)dz < +oo and [b(z)a(z)dz < +oo, and that the set
{z: f(y|z,8) > 0} is independent of 6.

Assumption 6 If0 # 0y, then A := {z: f(y|z,0) # f(y|x,00)} satisfies [, f(y|x,0p)dy >
0.

We write g(z,0) = (m(z,0),s(z,0)), where m(z,0) is defined in equation (20)) and
s(z,0) = s (y|lx,0) := 0ln f (y|x,0)/ 00 denotes the score. Define

V.= /g (2,00) g (2,600) f (y|z,00) fx () dz
Assumption 7 The matriz V' is nonsingular.

Now we define some general notation. Suppose that g(z,#) is a scalar function, h(z,~)
is a density of Z with parameter v, and Z; (i = 1,..., N) is a sequence of observations from
h(z,7), where an extra subscript v on Z; is suppressed for notational convenience. Define
gn(0) := N3N g(Z:,0), and when the expectation exists, ¢(6,7) == [ g(z,0)h(z,7)dz.
This notation does not refer to the specific functions defined elsewhere in this paper, and
it will be used only in the following lemma, which is a restatement of Lemma A.1 in Newey

(1985)@ and is helpful for the proof of Theorems [3[ and .

Lemma B.1 Suppose that, for each 0 in ©, g(z,60) is a measurable function of z, for

almost all z in Z a continuous function of 6, and © is compact. Suppose that, for each ~

29We slightly modify the notation in [Newey| (1985) to suit our paper.
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in ', h(z,7) is a measurable probability density on Z, for almost all z in Z a continuous
function of v, and T' is compact. Suppose that there exist measurable functions a(z) and

b(z) such that h(z,v) < a(z) and |g(z,0)| < b(z) with

/b(z)a(z)dz < 00, /a(z)dz < +00.

Then ¢(0,~) exists and is continuous on © x I'. Suppose, in addition, that Zy,..., Zxn
are independent observations with density h(z,vy) where imy_oo YN = Yo. Then for all

e >0,
lim P (sup lgn (0) — 9(0,7)| > e) = 0. (B.1)

N—oo <)

Proof. See Appendix of |[Newey, (1985). =

B.2 Proof of Theorem [3

For ease of reading, we will follow |Newey| (1985, Proof of Lemma 2.1) as closely as possible.

Step 1 Let

b (0) := / 9(2,0) h (y| 7,00, /) fx () d2. (B.2)

V= / 9(2,00) 9 (2,00) b (y] 2, 60, /1) Fx (1) dz — 6u(00)6y(60).  (B.3)

By Assumptions [ and [5] the elements of g(z, #) and the density h(y|z, 6, /1) fx (z) satisfy
the conditions of Lemma , implying that ¢,(6) exists and is continuous on I'. Then by

Assumption [3, we have
11715}(1) ¢,7((90) = ¢0(90), and }IILI(I)% =V. (B4)

Due to Assumptions |3|- b, the dominated convergence theorem (e.g., Bartle, 1966, Corol-
lary 5.9) allows one to differentiate the integrand function in the identity [ f(y|z, ) fx ()
dz = 1, which yields the following identities for # in the interior of ©:

Bl = [ LD pwts = [ stole.0)1 0l 0071z =0,
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and

E[m(Z;,0)] = / 0 f}ﬂ/ﬁ;?)@gaﬁl

In light of Assumption [2], these identities evaluating at 6y immediately imply that

fylz,0) fx(x)dz = 0.

d0(60) = E [9(Z0,00)) = / 9 (2,00) f (y] x.00) fx () dz = 0. (B.5)

By Assumption [5| functions [m(z,0)]* and s(y|x,0)s(y|z,0) satisfy the conditions of
Lemma [B.1], and so does s(y|z,8)m(z, ) by the Cauchy-Schwarz inequality.

Step 2 In this step, we will first establish a central limit theorem (CLT) for N~%/2 Zfil
(9(Z;i,60) — ¢y (Bo)) under arbitrary sequence of DGP’s with ny — 0 as N — oo. De-
fine a function W, (z) := X [g(2,00) — ¢,,(00)], and let W, ; := W, (Z;) for i = 1,..., N,
where X is a (¢ + 1)-dimensional non-zero vector. By the definitions of ¢,(f) and V; in
and , we know that W, ; has mean zero and variance \ 1_/77)\, which is pos-
itive for small n by Assumption 7| and . For any 0 > 0, define the set A;, =
{z L Wo(2)] = 6 (NNT,A)Y 2} Note that Z; (i = 1,..., N) are identically distributed,
so for any § > 0, we have
N

(NT0) Y /

- Wn,z‘2h(K‘X“ 907 \/T_I)fX(Xz)dZZ
o1 (Wil 28(NNVpA)

1/2 ’

= (VAT [ WPl o, i) fx ()

Asn

< (VPN 2(g + DA (wn(eo)ﬁ | e | b(z)a(z)dz>, (B.6)

6,m

where the last inequality holds by Assumption [5| and the simple inequality that (a+ b)? <

2(a* + b?) for any a,b € R. By (B.4) and (B.5), lim, o ¢,(6h) = 0. By (B.4), we

have lim, ;o NV,A = NV > 0, so As, converges to an empty set as N — oo, im-

plying that limye [, a(z)dz = 0 and limyee [, D(2)a(z)dz = 0. Therefore, (B.6

implies that the Lindberg condition is satisfied, and by the Lindberg-Feller CLT (e.g.,
p.128 of Raol |1971), we have (]\7)\/1_/,]/\)71/2 Zf\il W, = N(0,1), implying in turn that

Lot A,y = 0 if NV,A < 0.
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N-1/2 ZzNﬂ W,i = N(0, NV X). This, together with the Cramér-Wold device, implies that
for arbitrary sequence of DGP’s with ny — 0 as N — oo,

N

N2 Z (g (Zi’ 90) - ¢77N (90)) = N(07 V)

i=1
Then, we apply this CLT to a particular sequence ny = N~%/? and get

N2> (g (Zi,00) — dn-112 (60)) = N(0,V). (B.7)

i=1
Step 3 Due to Assumptions [3|- 5| and the dominated convergence theorem, we calculate

the derivative of [ g(z,0)h(y|z,00,n) fx (z) k (e) dedz with respect to n as follows

(B.8)

K= ([ ate0 5 o) [ ol toct e k) deds

9, 00) Fx () LR () ded

n=0

001

2\/n
n=0

0 x,00 eL
~ lim \/777 [ [9(z600) fx () M‘Tfﬁ)ek (e) dedz

n—0 n

Using the L’Hopital’s rule, we get

( #ffgzeof ()Wek(e)dedg« )

02 f( ylz,00+/met
2 2\[fo z,60) [x (@ )%e%(e)dedz

Krp =Ilim
n—0

82 0
=—f —hm// z,00) fx (v (y’x(’%fr Viet) e’k (e) dedz,
1

from which we obtain

// z,6p) fx (x )%e%(e)dec&

2 ,0
2 (9 92
e P

f(Yi]| X3, 00)/ 06?
(Y|XZ’00) 7

L
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where we recall 02 = [ ek (e)de. Recalling that g(z,0) = (m(z,0),s(z,0)") helps us

obtain the following:

g | (210100 /002 ’
e O’? F(Y3|X4,00) 052 K1
R= — 5
2 02 (V3] Xi,00) | 063 2 K
{ (Yi] X, 00) — v } i
Recall the definition of ¢,(¢) in (B.2) and apply the mean value theorem to (B.8) with
nv = N~2 we get
KR:A}im N1/2 (/ (2,00) fx(x /f ylz, 0o+ VN 1/26L>k dedz—/g(z,@o)f(z|00)dz)
—00

N—o0

— i 32 ([ g0 (o100, VIR f)d = [ 00001 (0] 2.00,0) (o)t )

— ]\P_Igo NY2 (r-172 (60) — o (8p)) -

Combined with the CLT in (B.7), we see that this implies that v/ Ngy (6o) 2N (Kg, V),
where we define gy (6) := N~! Zfil 9(Z;, 0)

Remark 9 We can in principle address heteroscedasticity as long as E [e] x] = 0 is satis-

fied. This of course implies that Kr should be redefined as

9 02 f (V3| X;,00) | 003 ?
1 B4 Elel] Xi] FOYi1X:.00)
2

92 f(Yi| Xi,00) / 063 ’
E{E[gﬂXi]S(mX“QO) f(mXi,go{ }

with corresponding changes in the following steps.

Step 4 We now show that N'/2 (0 — 6y) = — (DH) ™' DN'2gy (6p)+0, (1), where D :=
[0,1,] and H := E[0g(Z;,0,)/ 00']. By the mean value theorem, we get N'/2gy (Ay) =
NY2gx (6o) + [8gN (G'N)/@H’} N2 (On — 6p) for some Oy on the line segment connect-
ing Oy and 6y. By Assumptions {4 and [5] we know that h(y|x,v)fx(x) and the con-
stituent elements of 8gN(9N) /00" satisfy the conditions of Lemma , implying that

31Note that gn () and g(z,6) here are different from those introduced before Lemma The former
are based on the specific functions m(z,0) and s(z,0) used discussed in this paper, while the latter are

generic notation used only to state Lemma i.e., Lemma A.1 in Newey| (1985)).
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agN(éN)/ 00" L E[dg(Z;,0,)/ 00'). This, combined with the standard v/N-consistency
of the MLE 6y, implies that N'2gy (6y) = N'2gy (6o) + HN'? (6 — 6o) + 0, (1). Be-
cause the MLE satisfies 0 = Dgy (fy) by definition, it follows that 0 = DN'2gy (6) +
DHNY? (0 — 6)+0, (1), from which we obtain N*/2 (0 — 6,) = — (DH)™' DN"2gy (6)+
op (1).

By the definition of ¢g(z,6) and H, we note that

E |:8m(Zi,90):|

E |:8m(Zi,90):|

H— a0y’ _ 06’
0s(¥i|X,.60)
R -7

We now simplify the following coordinates of H,

E om (Z;, 6o) _E 0 f (Yi| Xi,00)/ 06}
{ 00 }_ {% f (Vi X5, 6p) }

a bit. For this purpose, we start with the observation that

[ 0f (4] x,0)) 082
0 ‘/ f (y[z.0)

for all . Assumptions [3|- [5] and the dominated convergence theorem allow differentiating

f(ylz,0)dy

both sides with respect to # and getting

0 0? x,0)/ 06? 0? x,0)/06? 0 x,0)/ 00
_ [0 f(ylx,0)/ 1f<y|x’9)dy+/ f(yl=,0)/ 007 Of (y|x,0)/
00 f(yl=.0) f(ylz,0) f(ylz,0)

or

0

f(ylz,0)dy,

0= E {2 32f(Yi|Xi790)/89%1 . {82f(Yi|Xi,90)/aQ%

We therefore conclude that

E[ Z ]__E{ f (Yil Xi. 60)

S (7] X,

S (}/;| Xzaeﬂ):| = —KRag,

and hence
!

-7

H—

Remark 10 Note that — (DH) " = I7'. Combined with N'?gy (6)) = N (Kg,V),
which implies that DN'?gy () = N <%2r<;2,1>, we can see that N'/? (O —6y) =
N (%I*1H2,1*1>. Therefore, if ko = 0, the MLE is asymptotically unbiased even un-

der the alternative of random effects.
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Step 5 We now establish the asymptotic distribution of my (éN). For this purpose,
we note that v Nmy (éN) = LV/Ngn (@N) for L := [I;,0]. We also saw in the previous
step that N'2gy (Ox) = N'2gyn (6p) + HN'Y? (6y — by) + 0, (1), and NV2(0y — 6,) =
—(DH)'DN"2gx(6p) + 0,(1). Let sy(0) := N=' 2V 5(Z;,0). Therefore, we see that

VNmy (By) = LvVNay (Bx)
— IV Ngy (60) — LH (DH) ™  DV/Ngy (60) + 0, (1)
= L (It — H(DH)™ D) VNgx () + 0, (1)
= [I,0]V'Ngn (6y) — [, 0] H (=I)~' V/Nsy (6) + 0, (1)
=V Nmy (60) — K5IV Nsy (6p) + 0, (1)
= [I1, =T '] VNgn (60) + 0, (1) ,

while in Step 3 we showed v Ngy (6g) = N (Kg, V). Because [I,, —k4Z |V [I}, —r4T7 Y] =

K1 — KhL 1Ko, it follows that

VNmy (Oy) = LV Ny (0x) = N ([, —k5Z 7] Kgy w1 — 527 '6s)  (B.9)

mw

as desired, since [y, —k5Z 7| K = & (k1 — k4T ko).

B.3 Proof of Theorem /4]

The proof is essentially identical to the proof of Theorem [3| except that we need to
calculate the counterpart of K in Step 3. We begin by considering the special case where

the neglected heterogeneity takes the form

f( (001+%(1/3,002,...,00#)).

Note that there is no other random variable yet (such as £*). We now would like to calculate

the counterpart of Kr. Due to Assumptions [3] [ [f] and the dominated convergence

theorem, we have

Kp = 8% (/9(2790) fx (@) f (ylz, 00+ np(z) ) dZ)

n=0
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f (y‘ Z, 90)
00,

(2,00) s1 (y|z,00) f (ylw,00) fx (x) p () dz

(2,00) fx (v p(x)dz

I
\\

= [ (ZZ,HO) 31(Y|X1790) ( )]7

where s;(y|z, 0) is the first coordinate of the score function. By applying the mean value
theorem with ny = N~Y/2 as before, we get Kr = limy_,00 N2 (¢pn-1/2 (6) — ¢ (60)).
Note that K can be written as

92 f(YilXi,00) 963
Kp=FE| JO0%0) “s1 (Yi| Xi, 00) i (X3)

s(Y; )51 (Yi] X5, 00) p (X5)

) . 2
E {E {8 SN0 /008 (| X, o)

)

f(Yi]|X;,00)

Xz} p (Xz')}

E{E [s(Yi| X;,00) 51 (Yi] Xi, 60)] Xi] po (X3)}
The rest of Newey| (1985))’s analysis still applies, in particular, (2.6) and (2.7) in Newey
(1985) hold ] We therefore have (in his notation) Ly = L = [[;,0], D = [0,1,], P =
I,yw—H (DH)f1 D, K = Kp, and we consider V/N instead of /T. Because DH = -7,

Dg(z,00) = s(z,00), we still have (in our notation)

LVNgy (0x) = LPVNgy (60) + 0, (1)

= L (1 — H(DH)™ D) VNgy (6p) + 0, (1)
= 1,0 VNg (60) — [I1,01 H (=I) "' V/Nsy (6) + 0, (1)
= VNmy (60) — k52 'V Nsy (0) + 0, (1)
= [Ii, =k "] VNgn (60) + 0, (1),

while

VNgn (6)) = N (Kp,V).
Because we still have

/

[, —rbZH V[, =Ry = ky — kYT 'k,

32Newey| (1985)’s (2.6) is VT Lrgr (0r) = LPVTgr (60) + 0, (1), and (2.7) is VTgr (69) = N (K6, V).
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it follows that
VNmy (0x) = LVNgy (0x) = N ([I1, —k5Z 7] Kp, k1 — 65T ko) . (B.10)

We now consider the fixed effects . After all, the whole calculation of Kp was
based on the derivative of f (y| X, (9071 +np(x) + \/ne, 0oz, - .. ,907(1)) and note that the
derivative should be the sum of the derivatives of f (y|x, (61 + np (x), 602, ...,00,)) and
fylz, (Goq + /M. bo2, - -, 004)). The asymptotic bias is then equal to the sum of two
asymptotic biases in (B.9) and (B.10)):

\/N?TLN (6_]\/) = L\/NgN (G_N) = N ([[1, —5’21’1] (KF -+ K};) , Rl — Kézilﬁg) s

where
2 0 f(Yi| Xi,00) | 063 ’
] ESE ()] X] | — s
R"™ 5
2 92 X 2
2 F(Yi]Xi,00) /00
E{E[(Q) |X1]S(Y;|Xz7€0) F(Y;1X;,00) 1}

is a heteroskedasticity-robust version of K based on €;. (See Remark [9])

B.4 In-Depth Analysis of the Linear Model

Note that the fixed effects can be decomposed into two components, u (X;) and &;. Their

distinct roles are best understood by considering a linear panel data model
}/;t:X;/BD"i_OKN,i"*—Uit; izl,...,N, tzl,...,T,

where ay; = ag under the null and ay,; = ag+N "2 (z;)+N~"1/4e¥ under the alternative.
It is clear that the correlation between x;; and p (z;) induces the bias in the OLS (i.e.,
MLE), while the presence of € does not affect the unbiasedness property of the OLS.
Although even €] induces the MLE to be biased in general nonlinear models, the distinctive
roles are quite clear in linear models. It turns out that the BP test does not have any
power against the presence of p (z;) in linear models. This is because in linear models, we

have
O*f (Yi| Xi,00)/ 007

Pl )

s1 (Yi] Xy, 6p)

Xz:| — O,
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so that the first component of K is equal to 0, and it can be shown that

2 - ) 9
=t {S(YHXZ;QO) 0 f(Y;!Xz,QO)/a@l]

f(Yi| X, 60)
1 T (1 ’
=k (ﬁ > X (Vi — a0 — Xﬁlﬁo)) T2 (ﬁ > (Yi—ao— Xilﬁo)) =0,
v ot=1 v vot=1
(B.11)
leading to the implication
[, =4I Kp = 0.
Remark 11 FEquation holds because for linear models, we have
A
*1 0\2
In f (V3] X;,0) = 203; XiB)",
where C' is a constant, so
T T
8(K|X“9>:0'_12)tzzl:Xlt (}/;t_Oé—XitIﬁ)y G/Tld 8089/ :_0__12) — XltXZ/t

In particular, we have

oln f (Y| X;,0) 1 <& y O f (Y] X;,0 T
o1 (3 x,,0) = PLCAXRD 57 v, ana SRLCD T
U ot=1 v

We therefore see that

O°f (Vi X:,0)/ 063 0*Inf (Y| X;,0)  (Olnf (Vi X:,0)\°
Flle0) 062 +< 09, )

1 « ’
N 02 (022 ‘_a_Xﬁlﬁ))'

Therefore, we should have

E |:8 (Yzl Xi,eo)

T 2
* T *
p (022)@ Voo - thm) = (32 Vi~ an - ngﬁ(o)

vot=1

0*f (Yil X, 90)/09%]
f (Y] Xi, 6o)
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This seems to indicate that, at least for linear models, the BP test has zero power
against fixed effects in the sense that it is unable to detect the presence of u (X;). It turns
out that the issue is a little subtle, and the BP test does have the power to detect u (X;)
as long as it is in the N~4-neighborhood, instead of the N~'/2-neighborhood. We note
that the components of [I, —x,Z~'] Kr measure the first order effect of misspecification
on the asymptotic mean of my (éN). When [I}, —k5Z '] KF is zero, we can make a more
refined analysis by going through the second order derivative, similar in spirit to |Chesher

(1984)’s derivation. To be more specific, we zoom in on the following linear model

XZ) +e;

. 1t
Yo = X6y + (N1/4 toy, t=1,....T, (B.12)

with v ~ N (0,02). Note that the fixed effects, especially p(X;), are in the O (N~1/4)
neighborhood. Also note that

2
02 f (Yi| X;,0)/ 962 T 1 & ,
F (Vi X,,0) 1:_§+ ;Z<Kt—a—Xitﬁ) 7
7 (3 v t=1

so the counterpart of v Nmy(fy) is equal to

2
T o ~2
1 N (Zt:l Uit) - TUU N_l/zf/[]]v X (6T6/T — IT)]@
> 5 = o (B.13)
VN S (7) (7)
where 9;; denotes the OLS residual, er is a T x 1 vector of ones, and 62 := (NT)!

SV ST 92, We will assume that T-'E [Zle X;;X;;’] is positive definite with finite
eigenvalues. We also assume that E [¢fv;] = 0 and E [efu (X;)] = 0.

In order to analyze the power of the BP test under the alternative , it suffices to
analyze the asymptotic mean of the numerator N~'2/[Iy ® (epef — I7)]o of (B.13). In
Lemmal[L9] we show how Hondal (1985))’s Lemma 1 should be modified under the alternative
of fixed effects:

Lemma 19 Under , we have

N T
QA)/[[N ® (GTG/ — IT)]IA) 1

N2 =Y. 2 vtwm+T(T=1)E[¢]
i=1 [,m=1,l#m
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—2T(T = 1)NQ A+ (Q7'N) S (Q7'\) + 0, (N4,

where Q == T~'E [Zf ) X;X;;’} Xp =TT X5 A= E[Xip(X)], & = p (X)) +
8: and S :=F [Zl m=1,l#m X:ZX*, } :

Proof. In Appendix[B.5| =

In Lemma , we can clearly see that the presence of p (X;) affects the asymptotic bias
through A\ and F[¢?]. This is in contrast to the argument earlier in this section, where
the BP test was unable to detect p (X;) in the linear model. The difference is that in the
parameterization ([23), p (X;) was too close to zero in the O (N~*/2) neighborhood for the
linear model, while we show here that p (X;) can be detected by the BP test if p(X;) is
not too close to zero. There already exists a well-known test (Hausman and Taylor, 1981)
for the linear model, which can be shown to have a power against the local misspecification
in the O (N~/2) neighborhood. The test by |[Hausman and Taylor, (1981) does not have a
counterpart in the nonlinear panel models, probably because the fixed effects estimator is
not asymptotically unbiased for fixed 7" for nonlinear models (even after bias reduction).
The BP test was shown to be able to detect fixed effects in nonlinear models, so it makes
sense to examine whether the BP test has such a property for linear models. Our analysis
in the current section leads to the practical conclusion that the BP test may be best suited

for nonlinear models.

B.5 Proof of Lemma 19

First, we can see that the OLS B is not v/ N-consistent under the misspecification. In fact,

we have

N T -1, N 7 L)
<21:;X;Xi*tl> (Z;X ( N1/A + N1/4 +X;/50+U@t>>
N T -1

- (mE i)

=1 t=1

| NoT -1 LA
(ﬁ 2.2 XX) (ﬁ > ) N

=1 t=1



| NI -1 | NoT
* x/ *
+ Bo + <_NT E XitXit> (NT E Xitvit> :
i=1 t=1 i=1 t=1
We see that for fixed T',

! Z XiX = Q4 0, (N2,

NZ 1/2)7
1 N
N7 2 2 Xiva = 0, (N172),

i=1 t=1

zltl
1 _
N X (X) =2+ 0, (N1,
=1
1 N

~

S0
NYH(B=50) = QA+ 0, (NP) +.0, (N =@ A+ 0, (N (BY)

Now we consider
N

@/[IN & (GTG/T IT @ Z Z Uzlvzm

1=1 I;m=1,l#m

Since the OLS residual 0 = &/NYV* + vy — X}/ <B — B()) with & = u(X;) + €f, we have

N T
| X T ¢ )
T NI Z 2 <N1/4 + ““) Xim (5 - 50)
| X Cor ¢ /
N2 Z Z <N1/4 T U””) Xi (5 ﬁo)

faEY Y (-a) s (i-a). ©)

i=1 I;m=1,l#m

Note that the first term in (B.15)) can be rewritten as

1 N T g 5
N2 > 2 (N1/4 T U”) <N1/4 + Uim)

i=1 I;m=1,l#m
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T-1)
= Vi Z Z Vit Vim + Zf N3/4 Z&ZW
=1

i=1 I;m=1,l#m =1

- N11/2 Z Z VitV + T(T — 1) (E [éﬂ + O, (N—1/2)) + Op(N_1/4)

i=1 [;m=1,l#m

1 T
~ N2 Z Z VgV + T (T — 1) E [&] + O, (N~Y4),

i=1 I;m=1,l#m
where we used the CLT for the second equality.
Now we show that the second term in (B.15) is O,(N/4).

1 T ¢ A
WZ Z <N1/4 +U7,l) Xim (5 —50>

i=1 [;m=1,l#m

N T
=2 X wXin (B-50) + v S Y ex: (5- )

i=1 I,m=1,l#m i=1 [,m=1,l#m

=(B—Bo)’<ii zT: v-zka>+N1/4<B—5>/<Eif'i)ﬁ)
N1/2 W<Nim 0 N ? m | -
=1 m=1

i=1 I,m=1,l#m

Because E [meﬂ,l#m vilX;‘m} =0, we can apply the CLT and conclude that N~1/2 Zfil
S emviXin = Op(1). Combined with the result that N'/4 (B . ﬁo) — QA+
O, (N*1/4), we conclude that the first term on the far right-hand side is O, (N*1/4).
Noting that

T

T -1 N T .

Tzlémzﬂxm — (T-1)E g,-mZ:lX
= (T —1E [(n(Xy) + ) (TX])] + O, (N7?)
=T(T - V)E [X;u(Xi)] + O, (N"?) = T(T — 1)A + O, (N7?),

N*1/2)

we conclude that the second term on the far right-hand side is

, . N T
N1/4 (B - 50> (% ;{,;Xfm> —T(T - 1)NQ "N+ 0, (N—1/4) '

Combined with (B.14)), we should have that the second term in (B.15]) is equal to —7'(T —
DNQ7'A+ O, (N~/*). By the same argument, the third term in (B.15) is also —T(T —
HNQ'A+ 0, (N -V 4) as the indices [ and m are symmetric in this respect.
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Finally, by , the fourth term in can be written as
1 .
m> Y (B-s) Xaxi (B-6)
L y (1N T )
— NV (B - 5) (N > Y X;@X%) NY4 (B = o)

i=1 I;m=1,l#m

=(Q7N)'S (@A) + 0, (N7,

The result of the lemma follows by combining our analysis of each term of (B.15)).

C Technical Details of Section 4]

This section makes the following additional assumption.

. . 2 (Yir| Xit,00) /062 . 0 (Y| X 2
Assumption 8 (i) supiytE{ f.;(}ﬁi‘tp(tit,(;?){ 1] < oo; (ii) sup;, E [(%W) } <

94 In f(Yie| Xt ,0)
80%8989’

wf < M (Yi, Xi1)

oo; (iii) there exists some function M (y,z) such that ’ < M (Yi, Xar),

90,0000"
and sup; ; E[M (Y, Xi)] < oo.

00100

93 1In f(Yit| Xit,0)
M‘ < M (Y, Xit), 0

wf < M (Y, Xi)

We first show that is O, (1) as N,T" — oo. The same argument shows that is
also O, (1). First, we rewrite as

ZZ 32 zt|th790)/392 1 Z ZT: 8lnf zt|th,90)3lﬂf( zt’|th’ 90)
—1 =1 Yar| Xit, 00) \/_T =1t =1,t£t 00, 00,

(C.1)
Note that the first term in (C.1)) is a zero mean random variable, and conditional on the

Xs, it is a sum of random variables independent over ¢ and t. Therefore, the first term in

is O, (T1/2).

As for the second term in (C.1)), we see that tht,zl 1At

8lnf( zt‘th 00) 8lnf(Yt/‘Xn/ 90

mean equal to zero and its variance is equal to

S p| (2SO Xa b)) (0] el X b)Y
90, a0, ’
tt =1,t#t!
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and therefore, the second term in (C.1]) has mean equal to zero and variance equal to

1 i ZT: (alnf(YiAXita@o)f
N 2

00
i=1 tt'=1 £t 1

—0,(1).

ahlf( zt" Xlt/ 00)
001

In order to establish that the noise of estimating 6y does not affect the distribution of

the test statistic under the null, we first apply the second order mean value theorem to

, and obtain

1

M L In f ( Zt|X2t,9 1 L[ &alnf (Y zt|th,e)
PRI mZ@

T
= =1 t=1
N T

2
1 Zzaz lnf Zt’Xlt,Qo N alnf zt|Xita90)
VNT == 061 \/_T i=1 00
T 03In f( Y| X4t,600)
N7 i Dimt g —
' ( +—2 N ( T 9l f(Yie| Xit, 90)) ( T 821nf<m|xit,oo>> NT (6. — o)
NTVT 2i=1 t=1 96, t=1 90,007
1 N T 841nf(yit|Xit7§)
2NV/NT? izt D=1 0020000’
_ / 7 8% Inf(Yie| X ) 7 92Inf(Yiel Xt 0) _
+ <V NT (6, — 90)) N\FT2 i (Z 90,00 t=1 90,007 (v NT (6, — 90)>

! N T Ol f(YielXit ) 7 %I f(Yie|Xit.0)
tRvETE imt (=

t=1" 00,0000"

for some @ between 6, and 6,,.

Note that the last term above can be bounded from above by

2N\/7T2 (Zz 121& 1 ( lt>X ))
N\FT2 Zz 1 (Zt 1 M (Yi, X )) (Zt 1 M (Yi, Xt ))

= (0 (55) + 0 (5 ) ) 00 = 1),

so we obtain that can be rewritten as

VAT (5, #0)|

N P In f (Ve Xit, 0,) 1 L =0Inf (Y ztm,e)
\/NTZZ 062 \/NT; ;

2
_ iiaﬂnf(mxmeo 1 Z alnf Yie| Xir, 60)
NT

pariv 003 \/N T 06

=1




1 N T 9%In f(Yit| Xit,00)
N NTﬁZj:th:lW
42 ZN T Ol f(Yi| Xit,00) T 9%In f(Yi| Xit,00)
NTVT i=1 t=1 004 t=1 001 06'

)\/ﬁ(eneo)mp(m.

(C.2)
We now show that the third term in (C.2)) is o, (1). First, we have

9P 1n f (Yie| Xir, 0o)
‘NT\/_Z<Z 96200" )' (NTZZM it zt)—op(l)

i=1 t=1

Second, we have
1 8lnf zt|Xit760 82 hlf zt|th>60)
( \/—Z 96, > (TZ 00,00’
N ( 1 Zalnf n|Xz-t,eo)
— \/_ 00, —
N
2 1 alnf zt|Xit790
> (\fZ )

i O f (Yl X 00) . [0°In f (Ya| X, o)
— 00,06’ 00,00’ ’
which we further write as

dln f }/zt‘XitveO) 1 82lnf( zt’|X1t/ 90)
\/_ZZ 90, (TZE { 90,00 D

i=1 t=1 t'=1

2
N

le M=

T

1 ZE azlnf zt|tha‘90>
00,00’

~|

Nl =

ZZ 31nf zt|Xit700) <32111f(yit|Xit790) _E [32 lnf(nt|Xit;90)1>

NT\/_ =1 t=1 6(91 a9189, 6’9188’
Z i Oln f (Y| Xit, bo) (821nf( Yier| Xiwr, 0o) _B [a2lnf(yz‘t'|Xit/,90)])
NT\/_ i=1 t,t/=1, At 96 06,06 00,00’
(C.3)

The first term of ((C.3)) has mean zero and variance equal to

2
4 L Ol f (Yie| Xir, 00)\ 2| (1 <= . [0*Inf (Y| Xsv, 00)
X |( ) sz{ ot

0
i=1 t=1 96, =1

< i S B, (Z ])20<N1>’

=1 t=1

so it should be o, (1). As for the second term of (C.3), we have

Zzalnf Yiu X, o) <821nf(Yit\Xit,90) . [a2lnf(mt|xit7eo)b‘

‘ NTVT & = a6, 90,00/ 96,00/
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2 H@lnf(YMth,Ho) (62 lnf(Y;t]Xit,Go) _E |:82 lnf(th|Xlt,«90)1) H

<> _supE
=T 90, 90,00 90,00

92 2

< —sup, | F E
it

Oln f (Yz‘t‘ Xit, 90)
00,

0? hlf(Y;t’Xm@o) B 0? lnf(Y;t|Xita‘90>
00,00 00,00’

|

~

—0(171),

so it should be o, (1). As for the third term of (C.3|), we note that conditional on Xs, it can

Oln f(Yie|Xit,00) (02 Inf(Y;| X, 00) E 02 1In f(Y;p|X,47,00)
061 06106’ 060,00’ )

: T
be viewed as a sum of 37, .,

which are independent over ¢. Therefore, it has mean zero and variance equal to

4 f;v&r ETJ Oln f (Yl Xu,00) (0*In f (Yirl Xur 60) _ 1 [0*Inf (Ve Xiw 60) ) )
N2T3 =1 tt=1 t;ﬁt’ 801 80189, 89180/

By a similar reasoning, we can see that for t # t/,

8lnf (Y;t| Xit7 00) 62 lnf (Y;t’| Xit’a (90) . E 82 lIlf (Y;t’| Xit’; 90)
00, 00,00’ 00,00’

has mean equal to zero and the variance uniformly bounded over ¢ and ¢t. Therefore, we

can conclude that the variance of

T

Z 8lnf(Yz't’Xit790) (821nf(}/;t/]Xit/,60) _E |:821nf<}/;t’|Xit’790):|>

06, 00,00’ 00,00’

/=144t

is of order 1.
This implies that the third term of (C.3)) has mean zero and variance of order O (N 1),
so it should be o, (1).
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