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Abstract

This supplement consists of two appendices. Appendix SA presents the lemmas used in proving

the results from Section 3 of the paper. Appendix SB contains auxiliary lemmas utilized in the proofs

of the results in Section 4.

SA Auxiliary Lemmas for Results in Section 3

Lemma SA.1 Under Assumption 1, we have:
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Proof. Using (2), we can write
Tit— Xi. = 'Y(Ct — 5) + vt — U,
for any ¢« < n and t < T. Therefore
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Since T~ Y7, op (viy — v;)2 =11 > i< Vi — Uy, the second summation after the equality in (SA.2)
can be expressed as
(D) (i —0i,)7 = (D) D i -0 ) (SA.3)
i<n t<T i<n t<T i<n
By Assumptions 1(i, iii) and Markov’s inequality,
(nT) Y 0> i =07 4+ Op((nT)71?). (SA.4)
i<n t<T

The second summation after the equality in (SA.3) can be further written as

T t-1
n~! Z 1722 = (nT%)~! Z Z vzt 4 2(nT?! Z Z Z Vi U ¢ (SA.5)
i<n i<n t<T i<n t=2 t/=1
By Assumptions 1(i, iii),
2
T t-1
E (nTQ)_IZZZUi,tUi,t’ < K((nT?*)™),
i<n t=2 t'=1
which together with (SA.4) and Markov’s inequality implies that
nY ol =T el = 0,((nT?)72). (SA.6)

i<n
Collecting the results in (SA.3), (SA.4) and (SA.6) obtains
(D)2 (v = 50)* = 031 =T )+ Oy(nT) ™H/2). (SAT)
i<n t<T

For the third item after the equality in (SA.2), we have

2 2
E||(nT) Y Y (=) (vig—0i)| | =E [|(nT)"'D D (e = EJviy
i<n t<T i<n t<T
=op(nT?) Y E[(e — )] < K(nT) ™,
t<T

where the second equality is by Assumptions 1(i, ii) and the law of iterated expectations, and the in-

()" (e — ) (vig — 0i.) = Op((nT)~1/2). (SA.8)

i<n t<T

The claim of the lemma follows from (SA.2), (SA.7) and (SA.8). =



Lemma SA.2 Under Assumption 1, we have:

()Y wig (20 — 7) = 7262 + Op((nT)7V/2). (SA.9)

i<n t<T

Proof. Applying (SA.1) to the summand before the equality in (SA.9), in view of (3), results in:

(D) @i (2 — F) = (n=DnT) Y N wiy (v — Ta)

i<n t<T i<n t<T i’ #i
(nT)~ ’yZZx” (¢t —¢)
i<n t<T
+((n=1)nT) > 3w (v — s, (SA.10)
i<n t<T i'#i

where the first summation after the equality, in view of (2), can be further decomposed as

(nT)™ VZZx”ctfc—72T thctfc + (nT)~ VZZUMCt*C (SA.11)

i<n t<T t<T i<n t<T
By Assumptions 1(i, ii, iii),

2

szivt(ct_é) :ZZE[’UZt(Ct—C —UZZZE ct—c <KnT

i<n t<T i<n t<T i<n t<T
which together with (SA.11) and Markov’s inequality implies that
(nT) 1y Z Z zii(ci — €) = 4262 + 0,((nT)~Y/2). (SA.12)
1<n t<T
Applying (2) to the second summation in the right hand side of (SA.10) leads to

(n=1nT)" > 3 wip(veg — 0) = y(n = DnT) ™D e > Y (virg — 0ir)

1<n t<T ¢'#£i t<T i<n i'#i

+ ((n - 1)nT)_1 Z Z Vit Z(vi/»t — Q_Ji/.). (SA13)

i<nt<T  i'#i

Since
Z Z(th — V) = Z sz”,t — Z Z@i/. =(n-1) sz}t —n(n —1)7,
i<n i #£i i<n il #i i<n il #i i<n

it is evident that

(n=DnT) Y e Y ) (g —vir) = (nT) 1D Y epviy — @0 = Op((nT)1/?), (SA.14)

t<T  i<n i'#i i<n t<T



where the second equality is by Assumptions 1(i, ii, iii) and Markov’s inequality. For the second summa-

tion term on the right-hand side of (SA.13), we can write

Z Z Vit Z(Ui’,t —Vy.) = Z Z Z VitV ¢ — Z Z Vit Z Uy

i<nt<T  i'#i t<T i<n i'#i i<nt<T  i'#i
n i—1 n i—1
=2> 3 wigvp = 2T Y Y 0Ty (SA.15)
t<T =2 ¢=1 1=2 ¢/=1

By Assumptions 1(i, iii),

. 2 .
n 1—1 n i—1
2
E E (S RAIN E E ["Ui,tvi’,t :| S anT
t<T i=2 /=1 t<T i=24'=1
and
n o i-1 2 n i-1
E E V;. V. = E E E [|1_)i.1_}7;/.|2} < KTZQT_Q,

=2 4/'=1 =2 4/'=1

which, along with (SA.15), show that

((n—1)nT) IZZU”Z Uiy — V) = Op((nQT)_l/Q). (SA.16)

i<nt<T @4
Collecting the results in (SA.13), (SA.14) and (SA.16) yields
(0 =1)nT) " 323D " ais (v —w,) = Op((nT) /%), (SA.17)
i<n t<T i'#i

The claim of the lemma follows from (SA.10), (SA.12) and (SA.17). =m

Lemma SA.3 Under Assumption 1, we have:

SN wig (zig— 7)) =Y (yuig(er — 0) + i) + Op(1). (SA.18)

t<T i<n t<T i<n

Proof. In view of (SA.1), the summation term before the equality in (SA.18) can be written as:

Z Z Ui (zip — %) = (n—1)7" Z Z Z uig (w4 — Tir,.)

t<T i<n i<n t<T i'#i

= Z nyuiyt(ct —&)+ (-1t Z Z Z wi ¢ (Vi y — yr ). (SA.19)

i<n t<T i<n t<T i'+i

We next show that

n T

(=133 vy — D e+ 0p(1 (SA.20)

1<n t<T i'#i i=1 t=1



which together with (SA.19) proves the claim of the lemma. Some elementary algebra leads to

Z Z Z wip(viry — Uyp.) = Z Z Uit Z virg | — Z Z Ujt Z vy

i<n t<T i'#i t<T i<n i i i<nt<T i
— n i—1
= Z Z Z uz,tvi/,t + ui/,tvivt) -T Z Z(ﬂ,‘.@i/. + uy.v;.). (SA.21)
t<T 1=2i'=1 1=24/=1

By Assumptions 1(i, iii),

n 1—1 2 n 1—1
Z Zai-ﬁi“ = ZE |U;. | [[Dr. ‘ ] < KnQT_Qa
i=2 i'=1 i=2 /=1
and similarly,
n i-1 2
E .| | < Kn?T72,
=2 i/=1
which together with Markov’s inequality imply that
n t—1
(n=1)7'"TY > (0. + 0.0;.) = Op(1). (SA.22)
=2 3/=1

The desired result in (SA.20) follows from (SA.21), (SA.22) and the definition of €;; in Theorem 1. m

Lemma SA.4 Under Assumption 1, we have
(nT)~'/? Z Z(')’ui,t(ct —C) +eit) = Do (Fo-stably),
t<T i<n

where 2, = 7?0507 + (Noo — 1) (0007 + 07, ,) is independent of Z ~ N(0,1).

Proof. We shall apply the stable Martingale Central Limit Theorem (MGCLT) to prove the claim of
the lemma. Some notation is needed. For any k = 1,...,nT, we define t; = [k/n] and iy, = k—n(tx — 1),
where [k/n] denotes the smallest integer which is larger than or equal to k/n. Let Fy,, denote the

sigma-field generated by {ci,...,cp,,}. For k =1,...,nT, let Fj,, denote the sigma field generated by

{c1, ... em, s {wit, i<k, {vi,t, }i<k}- Using such notation, we can write
=1k
Wiyt (Ctp — C) + &
()2 S (e — ) + 21) Z Pt s )t Sty (5A.23)
(n
t<T i<n

We first show that {7k}, ., is a martingale difference array (MDA) adapted to Fp,,. By the definitions

of Fi.m, tr and iy, it is evident that 7, is F}, ,,-measurable. It remains to show that

E [0k Fi—1,m] =0, forany k=1,...,nT. (SA.24)



For any k = 1,...,nT, we have either: (i) ty = tx_1 and iy, = ix_1+ 1; or (ii) tx = tp_1+ 1, ix—1 = n and

i = 1. In the first scenario, we can apply Assumptions 1(i, ii) to show that:

E [iy, 1, (¢t — O Fr—1,m] = (ctp, — OF [wi_ 11,60 [ Fre1m] = (¢, — OF [wiy_ 11,0,_,] =0,

and

ip—1
E [Sikvtk“Fk*Lm] =E |(n— 1)71 Z (uikvtkvi/7tk + ui',tkvik,tk)’fk*Lm
i'=1
lg—1
=(n— 1)_1 Z (E [Ui/vtkfluik—l‘l’l,tkfl|‘7:k—17m] +E [ui'ytk71vik71+1vtk71|‘7:k’—17m])
=1
lg—1

= (n - 1)71 Z (U’i’,tk—1E [uik—1+1,tk—1] + ui,ytk—lE [Uilc—1+17tk—1]) =0,
/=1

which, together with the definition of 7, shows that (SA.24) holds. Similarly, in the second scenario, we

have €;, +, = 0, and

E [uik,tk (Ctk - 5)|]:k‘—17m] = (Ctk - E)E [ul,tk,1+l|]:k:—1,m} = (Ctk - E)E [ul,tk,1+1:| = 0;

which again verifies (SA.24). We next show that

nT
> B[] Frerm) —p @2, (SA.25)
k=1
and for any € > 0,
nT
> E[I{ || > e} Fk—1,m] = 0. (SA.26)
k=1

Let Grm = Nyysm Fr for any m > 1 and any k = 0,1,..., 1,7, Under (SA.23)-(SA.26), we can
apply the stable MGCLT, e.g., Theorem 6.1 in Hausler and Luschgy (2015), to show that
()23 (quigles — €) + gi4) = @22 (G-stably), (SA.27)
t<T i<n

where G denotes the sigma-field generated by o~y Gn,,7)n,m- Since Fo C G, the claim of the lemma
follows from (SA.27).} To verify (SA.25), we first apply Assumptions 1(i, ii) to obtain

nT nT
(nT) ZE (7] Fr—1,m] = ZE [uF, 4, (ct = %] Frm1.m)
k=1 k=1

'"We could have used the results in Kuersteiner and Prucha (2013) to establish the stable convergence, but we found it

easier to work with the regularity conditions in Hausler and Luschgy (2015) in the setup of this paper.



nT nT
+ 2y EE [(Ctk - E)uik,tkeik7tk| fk_lvm] + Z [ ity ‘ Fr-1 m]

k=1 k=1
nT Zk 1
= (’I’LT)’)/QO'ZO'S + — Z Z Cty, — Uz’ tkau+uz’ t,Ou, v)
k 1¢=1
2
T 1 T 1
0”3 ZZII <ZZ£€ 1 UZ/ tk) + 012) Zz:l (Zzgc 1 ul’ tk)
(n— 1)2
207w St Youf 1 oy Uity Vit
(;L —1y . (SA.28)
The second term after the second equality of (SA.28) can be written as
nT 1—1 n 1—1
— Z Z ct, — ¢)(vyr tkau—i—uz/ £ Oup) = Z Z Z (ct — &) (o2vy 10y g). (SA.29)
k=1 4=1 t<Tz 24'=1
By Assumptions 1(i, ii, iii), we have
. 2
n t—1
Z Z Z(Ct - 6) (Ui’,tag"i_ui’,to—u,v) fO,m
t<T i=2 i'=1
n—1 2
= (et —E || (n — i) (visop+ui10u)
t<T i=1
n—1
<KZ ¢t — ©) 22 (n —i)* < Kn®Té?
t<T =1
and
E[6]=T"'Y E[(a—-0?] <T 'Y E[¢] <K
t<T t<T
Therefore, by Markov’s inequality and (SA.29),
2’}/ nT ip—1
ot D D e~ o, 0) = Opl(nT) ), (54.30)
k=1 i'=1

We next study the third term after the second equality of (SA.28). By the definitions of i, and tx, we

can write

in—1 2 i—1 2
2
E :W b | ZZ D ve| =D o
k=1 =1

t<T i=2 i'=1
i—1 -1
2
= E E E (05, — u)+2§ E Vit tVi ¢
t<T =2 \i'=1 ii:%é:l



Y S -0 423 S ) Z (SA31)

t<T i=1 t<T i=2
Applying Assumptions 1(i, ii) leads to

2_

n—1 n—1
E (n— z)(vft —o)| | < Z Z(n —i)’E [v;{t] < Kn3T
t<T i=1 | t<ri=1
and
) 27
n—1 i—1
E ZZ(”_i)Z”i:tvi’vt _ZZ n—1) ZO‘ < Kn'T,
t<T i=2 i'=1 t<T i=2
which together with Markov’s inequality and (SA.31) shows that
, 2
2 nT ip—1
Ou 2 k=1 (Zi’:l Uil7tk) o202
— = O0,((n®T)1/?). SA.32
n(n —1)2T 2(n— 1) p((n°T) ) ( )

2
Similar result can be established for (nT(n — 1)2)~ 102 371, (Zl? 11 wyr tk) , which along with (SA.32)
implies that

2
nT ip—1 nl il
o2y (Zf“ Loy tk) +023 0, (Zf“ | Ui tk) 0202 0,((n?T)~1/2) (SA.33)
T 1 = Onlln : :

For the last term after the second equality of (SA.28), we can write the triple summation as

nT ip—1ip—1 n i—1 1—1
Z Z Z ulptk itk ZZ Z Z ui,l’tvz ¢
k=14 =11i,=1 t<T i=2 \¢{=1i)=1
i—1
- Z Z (n — @) ui i + Z Z (n—i Z Uit Virt Vil p)-
t<T i=1 t<T i=2 7=l

Applying the similar arguments for showing (SA.33) obtains

u v Z Zk ! Z;ﬁ;i Uit 4.Vl b Ug v
T = O, (SA.34)

Collecting the results in (SA.28), (SA.30), (SA.33) and (SA.34) obtains

nT

S E [#| Fietm] = wip + Op((nT)1/?), (SA.35)
k=1

where w2, = v%0362 + (n — 1) ! (oh02 + 02 ,). Since w2, —, @2, by Assumption 1(iv), (SA.25) follows
from (SA.35). We proceed to demonstrate (SA.26). Beginning with the definition of 7, we have

nT

ZE R I{17k] > e} Fro1m] < €72 Bl Fi1m)
k=1



ZT lk 17 (Ctk )4|~Fk—1,m} i f KE[ Eip ity |]:k—17m]

e2(nT)? e2(nT)? (SA-36)

k=1 k=1

By Assumptions 1(i, ii, iii), we observe that the first summation after the second inequality in (SA.36) is

bounded:

nT 4 =\4
Elu;, 4, (ct, —©) |fk—1,m] L
Z kstk (nT)2 nT Z Ct), — C
k=1
K(nT?) ™ (o —e)' = 0p((nT) ™), (SA.37)
t<T

where the second equality in (SA.37) follows by

E|T'Y (a—-8'| <KE|T') ¢+e'| <KT 'Y E[f] <K (SA.38)
t<T t<T t<T

and Markov’s inequality. To bound the second summation after the second inequality of (SA.36), we

observe that by Assumptions 1(i, iii),

4

nT ip—1 ip—1
(n =" Y Bl o Feotm <KZE <Z> + Vit (Z) Tt
k=1 k=1 =1

nT ip—1 4 ip—1 4
S KZ (Z Ui’,tk> + (Z ui’,tk> . (SA39)
k=1 i'=1

i'=1
Under Assumption 1(i), we can apply Rosenthal’s inequality (see, e.g., Theorem 2.12 in Hall and Heyde
(1980)) to obtain:

t<T i=2

CKYY (imvm) S B,

t<T 1=2 i'=1 =1
n
<SK) ) (i—-1)? < Kn'T, (SA.40)
t<T 1=2

where the second inequality is by Assumption 1(iii). Similarly, we can show that

4

7 1
Z <Zu tk> < Kn’T,
k=1

which, along with (SA.39) and (SA.40) and Markov’s inequality, implies that

nT
(nT) ™23 " Elel, 1y [ Fee1m) = Op((0®T) 7). (SA.41)
k=1



By combining the results in (SA.36), (SA.37) and (SA.41), we derive (SA.26). m

Lemma SA.5 Under Assumption 1, we have

(nT)™* Z Zu s =02(1=T7Y) + O0p((nT)~Y/?).

t<T i<n
Proof. Since 4 = u;; — (Bw — B)(xiy — Z;,.), we can write
(D)7 ade = (T) Y Y (wig — )
t<T i<n t<T i<n
(/Bw Z Z Tit —

t<T i<n

—2(Bi — B)T) YN (wie — T ) (i — i) (SA.42)

t<T i<n

Some elementary algebra leads to

(nT)' Y (i — ;) —on(1-T7)

t<T i<n
YD o) — Tty w o
t<T i<n i<n
T t-1
= (nT ZZ - —2(nT?)~! Z U U g (SA.43)
i<n t<T i<n t=2t'=1
By Assumptions 1(i, iii), we have
2
E ||(nT)~ O < (nT)'E[uj,] < K(nT)™"!
t<T i<n
and )
T t-1 T -1
WSS | | = 072 ot < Kr?)
i<n t=2t'=1 i<n t=2t'=1
which together with (SA.43) and Markov’s inequality shows that
NS iy — wi,)? = 02 (1= T + O,((nT)~V2). (SA.44)

t<T i<n

Lemma SA.1 and (8) in Theorem 1 together yield

(Biv — )Y @i — 7i)2 = Op((nD) 7). (SA.45)

t<T i<n

10



For the third term after the equality in (SA.42), we can use the Cauchy-Schwarz inequality to get

(Biv - nT -t ZZ Tt — Uzt ,-)

t<T 1<n
< \/(Bw — BRI Y (g — 71,)? \/<nT>—1 S iy - 1;,)?
t<T i<n t<T i<n
= 0,((nT)~1/?), (SA.46)

where the equality follows by (SA.44) and (SA.45). The claim of the lemma follows from (SA.42), (SA.44),
(SA.45) and (SA.46). =

Lemma SA.6 Under Assumption 1, we have

IS (i - 7P = %62 4 02— 1)+ O (nT) ), (SA.47)

t<T i<n

Proof. Applying (SA.1) to the term before the equality in (SA.47) leads to:

(nT)~! Z Z (zig — 2.)" = (n(n — 1)*T)~* Z Z Z Ty — Tir.)

t<T i<n t<T i<n \i'#i
2
= (-1 3 v =) -0+ > (virg — )
t<T i<n i/ £
2
=T (e =@ + (n(n = 1*T) Y T D (v — v,
t<T t<Ti<n \i'#i
+2v(n(n —1)T IZZCt—ch,/t ir.)
t<T i<n i #i
2
=262+ (= 1PT) 7 33 | D (v —vr,) | +O0p((nT) 712,
t<T i<n \i'#i

where the last equality is by the definition of 62, and (SA.14). It remains to show that
2
(n(n = 1°T) YD (v = 0.) | = 0dn = 1)+ Op((nT) ). (SA.48)
t<T i<n \i'#i
The term before the equality in (SA.48) can be decomposed as:
2

CONZARD 9 S DTS

t<T i<n \i'i

11



n i—1

= —=DT)" Y > (i —0:,)* + 200 = 2)(n(n— D*T) DD (vig — i) (vine — )

t<T i<n t<T i=2 ¢/=1

(SA.49)

Therefore, (SA.48) follows by Assumption 1(v), (SA.7) and (SA.16). =

2
Lemma SA.7 Under Assumption 1, we have (i) (nT)~! dot<T (Zzgn eiﬂg) —(n—=1)"Yolo2+02,) =
Op((HQT)_1/2)§ (i) (nT)_l ZtST Zign Zygn(ct — O = Op((nT)_lm)'

Proof. (i) By the definition of ¢;; and Assumption 1(i),

S B [(wigvrs +uipoid)’] 2352 (000 +on,) 20— 1)(onop +03,)

2
. pr— _— A.c
E [51,1‘/] (n _ 1)2 (n — 1)2 (n — 1)2 (S 50)
Therefore
2
()Y R | e =T) "> Y Ele,] =(n-1)"(okor +00,). (SA.51)
t<T i<n t<T i<n
By Assumptions 1(i, iii) and (SA.51),
2 2
E ||(nT)™? Z Zgivt —(n—1)"Yo26% + 012“,)
t<T \i<n
2 2 2 4
=E [|(nT) ") | [ Deie ] —E[[D e ST B> e |- (SA52)
t<T i<n i<n t<T i<n

Let F;; denote the sigma-field generated by {{w; ¢ }i<i, {vir+}ir<i}. Then by Assumptions 1(i, ii), {€;}i<n

is a MDA adapted to {F;} By Rosenthal’s inequality,

<n’
4 2

E Z Eit S K ZE [5?,7&] +E Z E [5127t|f.i—1,t] . (SA.53)

i<n i<n i<n
By Assumptions 1(i, iii) and Rosenthal’s inequality,
% i—1 4 i—1 4 %
4 . 2 -1
ZE [5i,t] S m ZE <Z vi’,t) + (Z ui’,t) S m Z(’L - 1) S Kn™". (SA54)
i<n i<n i'=1 i'=1 i<n
For the conditional variance of €;, we apply its definition and obtain the following upper bound:
% i1 2 i1 2
Seltmad < o X (] X (T ) [ e
i<n i<n \i’'=1 i<n \i'=1

12



Since

i<n \#'=1 1 -
n_ 1 n—1 n—1
= ai+2n—z 2+En—z Zultul/t,
=2 =1
we can use Assumptions 1(i, iii) to get
i—1 2|2 n—1
> (Z ut) <K <n2(n — 17+ (n—i)(i - 1)) < Kn'. (SA.56)
i<n \i'=1 i=1
Similarly, we can show that
212
s (z ) < Kt
i<n =
which, along with (SA.55) and (SA.56), shows that
2
E| (D E[e|Fi-14] <K. (SA.57)
i<n
Collecting the results in (SA.52), (SA.53), (SA.54) and (SA.57) leads to
2 2
D) D e | —(n=1) N odor +0r,)| | < KE(RPT),

t<T \i<n

which together with Markov’s inequality proves the first claim of the lemma. (ii) To show the second

claim of the lemma, we begin by writing

n 1—1
Z Z Z(Ct — E)umsi/’t = Z Z(Ct — E)u“si,t + Z Z Z(Ct — 5) (uiﬂgz—:i/,t + uiatsi,t). (SA58)
t<T i<n i/<n t<T i1<n t<T i=2 /=1

The first term after the equality in the above equation can be decomposed as
i—1 i—1
Z Z ct —O)uieir = (n—1)" Z Z ¢t —C (ugt Z Vit + Ui g Vst Z ui/7t> . (SA.59)
t<T i<n t<T i<n i'=1 i'=1

By Assumptions 1(i, ii, iii), we have

2

E ||((n—1)nT) IZZthC Zth,/t

t<T i<n

< KE ||((n—1)nT)~ ZZCt—c sz/t

t<T i<n

13



+ KE | |((n — 1)nT) 122@—0 Z’Uz't

t<T i<n

Zt<T Di<n(n — i)? + PO (e
((n—1)nT)?

Y < K(nT)™1,

where Y, 023 vy = 02> ... (n — i)v;s is used in deriving the second inequality. Therefore by

Markov’s inequality,

((n—1)nT) IZZ ¢t —C)u thvl/t— nT)~1/?). (SA.60)

t<T i<n

Similarly, we can show that

((n—1)nT)~ ZZ Ct_cuztvztzuz’t_ nT)~ 1/2)7

t<T i<n

which along with (SA.59) and (SA.60) leads to

(nT)" Y0 (e = @uigeir = Op((nT)~?). (SA.61)

t<T i<n

To bound the second term after the equality in (SA.58), we begin by observing that by Assumptions 1(i,

2

n i1 n i1 2
E||(nT)™? Z Z(ct —C)U;t Z Eilt < K(nT)™? Z E <Z Uiy Z ai@t)
t<T i=2 i'=1 t<T =2 =1

n i—1

<KnT)2) Y Y Eler,]
t<T i=2 i'=1

n i—1

<SE(n—1nT)2)Y Y > (' - 1) < K(nT) ™!
t<T i=2 i'=1

Hence by Markov’s inequality,

(nT) IZZ Ct—CUth&ut— nT)~1/?). (SA.62)

t<T i=2
Next note that
i—1 1—1 i—1 1—1
(n—1) Zathullt—Zv”ZZu t+Zu”ZZ Vit 1Uip ¢ (SA.63)
i'= ij=1144=1 ij=1144=1

The first term after the equality in (SA.63) can be further written as

n
E (%R

1=2

%

1 -1 i—1 1) —

Z Uyt (Uit ¢ = Oy szl Uzt+zvztz u/t +QZvltZZuzztuz/t (SA.64)

lih= i]=2144=1

(]

.
=
Il

14



By Assumptions 1(i, ii, iii), we obtain the following moment bounds

E || ((n—1nT) 02> (e —&)(i — Doiy

t<T i=2

E ((n—1)nT) IZth—cv”Zu,t Uu

t<T i=2

E|[((n—1)nT)" cht_cvztzzuzl,t Uil ¢

t<T 1=2

which together with (SA.64) and Markov’s inequality implies that

((n—=1)nT)~ cht_cvz,tzzuz’tuzzt_

t<T 1=2

By the same arguments, we can show that

((n —1)nT) IZZ Ct—CUthZUZI, Uiyt =

t<T 1=2

which combined with (SA.63) and (SA.65) yields

i—

i—

!

(nT) 15 g Ct—C&tE iy = O

Collecting the results in (SA.62) and (SA.66) leads to

t<T i=2

n i—1

- Z Z Z(Ct — ) (UitEir g + wir y€it)

t<T i=2 i'=1

2_
< K(nT)™!
-
< K(n’T)™,
i—1 11—1 27
< K(nT)™!,
1=21i4=1 ]
1 -1
L(nT)~1/2). (SA.65)
112
1 :—1
Op((nT)~1/%)
i1=1i4=1
nT)~1/?). (SA.66)
= 0, ((nT)~1/?). (SA.67)

The desired result in part (ii) of the lemma follows from (SA.58), (SA.61) and (SA.67). m

Lemma SA.8 Under Assumption 1, we have

D) Y g (200 — Z)

t<T \i<n

= (D)7 Y | Do (e = ) (uig — i) +€ie) —

t<T \i<n

Proof. Since t;; = u;; —

> g (20 — 7))

i<n

2

(Bw - B)(xi,t -

=(n—-1)"" Zﬁi,t Z (ziry — Tir..)

<n

Z;.), we can write

15

il

2

(Bio = B)7*nler =) | +Op((n) ).



= (n — 1)_1 Z(u@t — ’I_Li’.) Z (-Tz",t — ii‘ily.)

i<n i/

—(n=1)""Bw - B) Z(l'i,t —7i.) Z (zirg — Tir..) .

i<n il #i
Using (SA.1), the two terms after the equality in (SA.68) can be further written as
(n=1)"" (g — )Y (wirg — Bo.) =Y _(V(er — &) (wiy — W) + €0) + Ty
1<n =) 1<n
and
(n=1)" B = 8) Y _(wie = 7)Y (w4 = T0.) = (Biw = B)7*nler = ° + (Biv — B) P,
i<n i'#i

respectively, where

Li=(mn-1)" (ZUZ ZW —Zu,tZW _ZUZ szrt)

i<n ) i<n i £ i<n &3
and
n 1—1
Ly=2(7v(c—¢) Zv” (n — 1)_1 Z Z('Ui,t — 0, )(virg — i) | -
i<n 1=2 /=1
Therefore,

Zign Ut Zi/# (sz",t - ﬂ?z')

n—1

= Z(fy(ct — E)(ui,t - ai,~) + 5i,t>

i<n

- (Bzv — 5)7271(% - 5)2 + I+ (/éw — B) 2.

By Lemma SA.7, we can deduce that

2
(nT)~! Z (Z(’Y(Ct —o)(uip — ;) + €z‘,t))

t<T \i<n

2 2
2(nT)~t Z (Z(’}/(Ct —C)uit + EM)) + 292 (nT)~t Z(ct —¢)? (Z ui,.)

t<T \i1<n t<T i<n

2 2
K(nT)™"> (e — @) ((Zu) + (Zui,t) ) + Op(1).
t<T i<n i<n

By Assumptions 1(i, ii, iii), we have

E [(nT)l > (-0 (Z u) ] =T)'> Bl -2’ ) E[a]] < KT

t<T i<n t<T i<n

16
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and
2

E||(nT)") (e =2 | Y i =T E[(a-0)? ) ol <K,

t<T i<n t<T i<n

which together with (SA.74) and Markov inequality implies that

2
(nT)~! Z (Z(W(Ct —o)(uip — ;) + 5i,t)) = 0p(1).

t<T \i<n

(nT)™ Y <(Biv — B)v*n(cr — 5)2>2 = (B = B)Y'nT 1Y (et —0)' = Op(T).

t<T t<T

Collecting the results in (SA.75) and (SA.76) leads to

(T D (ver = @) (i — @) +eip) = (Biw — By nlc — ) | = Op(1).

t<T \i<n
In view of (SA.73) and (SA.77), the claim of the lemma follows if
D =01 and (B =B’ I5, = 0p(1).
t<T t<T

To verify the first result in (SA.78), it is sufficient to show that

2 2 2

(SA.75)

(SA.76)

(SA.77)

(SA.78)

(=072 (D a.d v | (D wird v | DD v =0,(1). (SA.79)

t<T i<n i i<n il i<n i'#i

By Assumptions 1(i, iii),

E [ZtST (Sicn @ Yo U)Q] ) > erE [(2?2 S (v, + uv))z]

(n—1)? (n—1)?
_ K3 e ics S (E [ﬂ?@%} +E [ﬂ?,@f}) _ Kn
- (n—1)2 ~ (n—-1T"
which together with Markov’s inequality implies that
2
(=172 D a. Y v | =0,(T7). (SA.80)

t<T \i<n  i'#i

Similarly, we can show that

2 2

(n — 1)_2ZE Zui,tzﬁi',- + Zﬂi,-zvi',t <K,

t<T i<n il i<n i

17



and hence
2 2

(=172 D wied v |+ D ow > ving =0,(1) (SA.81)

t<T \ \i<n  i'#i i<n il
by Markov’s inequality. The desired result in (SA.79) follows from (SA.80) and (SA.81). In view of

Theorem 1, to verify the second result in (SA.78) it is sufficient to show that

2
()™ (=) [ D v —nv | =0,(1), (SA.82)
t<T i<n
n o i—1 2
(nT)™" > ((n — DY D (i = B ) (v — W,.)) = 0,(1). (SA.83)
t<T i=2i'=1

By Assumptions 1(i, iii), we obtain

2 - 2
E | (nT)™? Z(Ct —¢)? (Z Vit — nv) < K(nT) ! ZE (Z Vit — nv)

t<T i<n t<T i<n
2
-1 ZE Zw,t +n?p?
t<T L i<n
<KnT)™' (n+nl™") <K, (SA.84)
t<T

which together with Markov’s inequality shows (SA.82). Similarly,

n i—1 2
E (nT)_lz<n—1 ZZ Vi — U;.)(vir g — v/7.)>

t<T =2 4/=1

n i—1

=((n=1’nD) "D DN B [((vig — 05,) (virg — 09,))*] < En”, (SA.85)

t<T 1=2 =1

which together with Markov’s inequality shows (SA.83). m

Lemma SA.9 Under Assumption 1, we have

2
(nT)™ D | D_(nler = @) (uig — i) + €ig) =7 *nler = (B — B)
t<T \i<n
2
olo2+o2
- (nT)_l Z (Z’Y(Ct - E)ui,t - ét) + ﬁ + Op((nT)_l/z).
t<T \i<n

18



Proof. In light of the definition of & in Lemma 2, some elementary algebra leads to:
2

D)3 S (e — @) (uie — i) + eia) — ¥*nler — 82 (Biw — B)

t<T \i1<n
2
= (nT)* Z ZV(Ct —Q)uis — &
t<T \i<n
+ 2y(nT)~t Z Z Z(ct — S)ui ey — 2yaT Z Z(Ct —C)Eiy
t<T i<n i'<n t<T i<n
2

— 242 511) 122@—0 git+ (nT)~ Z Z&t

t<T i1<n t<T \i<n

Therefore, in view of Lemma SA.7, the claim of the lemma follows if

ﬂT‘lzz(thé)em = Op((nT?~ 172y and (B — IZZ c—¢) ey = Op((nTQ)_1/2), (SA.86)

t<T i<n t<T i<n

By Assumption 1(i, ii, iii) and (SA.50),
2

E[e’] <K(nT)™" and E|[7T7 Z Z(Ct — O)gi < KT,
t<Ti<n

which together with Markov’s inequality shows the first result in (SA.86). Similarly,
2

E{(T7'D ) (a—o) e <T?2Y M E[(—0*E[,] < KT,

t<T i<n t<T i<n

which, along with Markov’s inequality and Theorem 1, shows the second result in (SA.86). m

Lemma SA.10 Let p;; = uiy 227:11 uy ¢. Under Assumption 1, we have

2

(SA.87)

D) D (e —Quiy | =0p5t +2(nT) D Y (e — ) i+ Op((nT)12) = Op(1).

t<T \i1<n t<T i<n

Proof. By Assumptions 1(i, ii, iii),
2

E D)) (D (e—Quig | | <@D)™'Y Elle -0 ) Elui] < K,

t<T \i<n t<T i<n

which together with Markov’s inequality shows that

(nT) 12 th—cuzt = 0p(1).

t<T \i<n

19
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Since
n
(-0 uie| =(a—0? |no+ 3wk, — 02 +2 wi ||
i<n i<n =2

we can write
YD (e —uiy | =nT)ole? + (e —2)* ) (u, )+2) (e —0) Z pie. (SA.89)
t<T \i<n t<T i<n t<T

By Assumptions 1(i, ii, iii),
2

E|{(D)7') (e (ui,—on) | | <(0D)2) Elle— )Y Eluj] < K(nT)™"

t<T i<n t<T i<n

which together with (SA.88), (SA.89) and Markov’s inequality shows the claim of the lemma. =

Lemma SA.11 Under Assumption 1, we have

2
(nT) 12 Z (¢t — ). +yn(cy — ¢) 2(Biw — B) = O0,(T™1).
t<T \i<n
Proof. It is evident that the claim of the lemma follows if
n(Biw — -1 Z e — o)t =0,(T™"), and (SA.90)

t<T
2

(nT)~* Z ¢t —¢)? ZU’Z =O0,(T ). (SA.91)

t<T i<n
By Assumption (iii) and Markov’s inequality,
T (a—2)' = 0,(1), (SA.92)
t<T

which together with Theorem 1 shows (SA.90). By Assumptions (i, ii, iii),

2

()™ (e =) [ D . (nT)™" > El(e, — ¢)°] Y _E[a?] < KT,

t<T i<n t<T i<n

which along with Markov’s inequality shows (SA.91). m
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SB Auxiliary Lemmas for Results in Section 4

Lemma SB.12 Under Assumptions 1 and 2, we have:

~

A =30 0 e + Op(nT) V%) = 0,(1). (SB.93)

Proof. Using the expression for x;; in (2) and the definition of A, we can write

A=Ay e + 30 (nT) ! Z Z(wi’t — W;,.)Vi¢. (SB.94)
t<T 1<n
By Assumptions 1(i, iii) and 2(i, iv), we have
2

E|[(nT)"" )0 (wig — @i Jvig| | = 0T)2> Y E [(wiy —w;i,)?| E[v]] < K(nT)™,

t<T i<n t<T i<n
which, together with Markov’s inequality, implies that
(7)1 Y 0> (wig — @, Jvig = Op((nT)~1/2). (SB.95)
t<T i<n

The first equality in (SB.93) follows from (SB.94) and (SB.95). To show that X is stochastically bounded,

we begin by applying the Cauchy-Schwarz inequality to obtain

T )Y w2 x T Y (e — )2, (SB.96)

t<T i<n t<T

[l

Since (nT)~1 Dt<T Di<n wis]|* = Op(1) by Assumption 2(iv) and Markov’s inequality, we can use
(SB.96) and Assumption 1(iii) to show that

Lo = 0,(1). (SB.97)

By Assumptions 2(ii, iv), we have

Kil < pmin(iw) < pmax(zw) <K (SBQS)

A ~

with probability approaching 1, where pmin(2y) and pmax(2.w) denote the smallest and the largest eigen-

values of 3, respectively. Combining (SB.97) and (SB.98), we obtain
S lTwe = Op(1). (SB.99)

)

The second equality in (SB.93) follows from (SB.94), (SB.95) and (SB.99). m
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Lemma SB.13 Under Assumptions 1 and 2, we have:
(7)™ 0N iz = 7767 — T 30 Twe) + Op((nT)1/2).
t<T i<n
Proof. By the definitions of &;; and z; ¢, we can write

(nT) -1 ZZQ;”Z” = (nT)~ ZZ Tip — Tj.)%t — S\Tf‘wyz. (SB.100)

t<T i<n t<T i<n

Given the expression for z;; in (2) and the expression for z;; in (3), we can decompose Iy, . as

IA‘w,z ( n_l ZZZ Wit — wz xz’t

t<T i<n i'#i

IVfw,c+( n_l IZZZ Wi — W, vz’t (SBlOl)

t<T i<n i'#i

Therefore, by Lemmas SA.2 and SB.12, and using (SB.97), (SB.100) and (SB.101), the claim of the

lemma follows if
(n(n = DT)" YD (wig = @i Jvig = Op((nT) ). (SB.102)
t<T i<n i'#i

To show (SB.102), we first write

n 1—1 n t—1
Z Z Z Wyt — Wj,. Uz’ = Z Z Wy Vi ¢+ wi/7tvi7t) -T Z Z(wi.@i/. + ﬂ)i/.’f)i.). (SB103)
t<T i<n i'#i t<T i=2 i'= 1=2 /=1
By Assumptions 1(i, iii) and 2(i, iv),
n i—1 2 n—1 n 2 n—1
S ] | =B | w3 e | =2 XY S w| | < mom
t<T i=2 i'=1 t<T i=1 i'=it+1 t<T i=1 i'=i+1
which, together with Markov’s inequality, implies that
n i—1
((n=DT)7 Y>> wiewre = Op((nT) 7). (SB.104)
t<T i=2 i'=1
Similarly, we can show that
n i—1
O3S e = O ). 58109
t<T i=2 ¢/=1

Next, note that by Assumptions 1(i, iii) and 2(i, iv), and Cauchy-Schwarz inequality,

Z oy, :iE[T)E]E

i =i+1

i1 2

n
E E W;.Vj1.
1=24'=1

E

=141
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n—1 n
<SKT'Y (n—i) Y E[w)]<En’T™,
i=1 i=i+1
which, together with Markov’s inequality, implies that

n i—1

n(n —1)) 1221112111/ = Op((nT)~ 1/2),

1=2¢/=1
Similarly, we can show that

n i—1

(n(n — 1)1 @i = Op((nT)71/?),

1=2 ¢'=1

which, along with (SB.103)-(SB.106), proves (SB.102). m

Lemma SB.14 Under Assumptions 1 and 2, we have:

Be,iv - /8 =

(nT) ' Cier icnyuiplee — e =T By (wie — @3,)) + €ie) + Op((nT

(SB.106)

)

72362 — f‘l,czwlrw,C) + Op((n )~ 1/2)
Proof. Using the expression for y;; in (14) and the definition of 7, we can write

A=A+ O+ T,
where fmu = (nT)! Zth Zign(wi,t — wj.)ui¢. Therefore,

Uit = (@ip — T3 )0+ (i — ;) — (Wi — lUi,-)T(fT —0)

=2y B+ (uip — Us,.) — (wip — wi,~)T2;1fw,u-

Substituting the expression for g;; in (SB.108) into the definition of Be,iv, we obtain

(nT)~ Zt<TZz<n(ult )Zzt Fg,zzwlrwu

B w—B=
o (nT')~ Zth Zz‘gn it

A

Pesiv =P = 262 —T7 £a ) + Oy((nT)172)

y (SB.101) and (SB.102),
Ty = Twe + Op(nT)~1/?).

Applying similar arguments for showing (SB.95) yields

fw,u = (nT)il Z Z wivt(u@t — ﬂ@.) = Op((nT)*l/Q).

t<T i<n

23

(D)~ Yper icn(yuislee = ) +gi) = T .55 Tuu + Op((nT) 1)

(SB.107)

(SB.108)

(SB.109)

(SB.110)

(SB.111)



Combining the results from (SB.97), (SB.98), (SB.110) and (SB.111), we have

A ~

U] Sy =0 Sy 4 Op(nT)™Y),

w, 2w w,c—w

which together with (SB.109) proves the claim of the lemma. m

Lemma SB.15 Under Assumptions 1 and 2, we have:
(nT)_1/2 Z Z( ¢t —C— Fw CEw (wiﬂg — u_)i,.))um + Ei,t) —d chOZ (Fe,g—stably),
t<T i<n

where &, = 7205035 + (noo — 1) YoZo2 + 02 ) is independent of Z ~ N(0,1).

Proof. For any k = 1,...,nT, we define t;, = [k/n] and iy, = k — n(ty — 1). Let F. o, denote the
sigma-field generated by {{c}i<7,., {witti<nm i<, }- For k=1,...,nT, let F,j n denote the sigma-field
generated by {{ct}i<7,, {Witti<nm, t<Tm» {Wi,t, i<ks {vi,t }i<k}. Using such notation, we can write

’)’LT e Z Z Ct —C— w ciwl(wz t— Wi ))ui7t + €z‘7t)

t<T i<n

Eﬁe,k

nT T -1 _
Z VWi, b, ctk —C— Fw czw (wlk te — wikﬁ)) + Eip

Tk (SB.112)

k=1
By similar arguments as those used to derive (SA.24) in the proof of Lemma SA.4, we can show that

{7le.k} p<pp is an MDA adapted to Fe g m. We next show that

nT
D B [ ] Fer-tm] —p @2 oo (SB.113)
k=1
and for any € > 0,
nT
> E[2 1 I{|fie k] > e} Fer—1.m] = 0. (SB.114)
k=1

Under conditions (SB.113) and (SB.114), the claim of the lemma follows by similar arguments used in

proving Lemma SA.4. By the definitions of 7, ; and 7j, it follows that

776 k= 1k — (nT) 1/27Fw Ciwl(wlk g — wikw)uik,tk' (SB'115)
Therefore,
nT nT
ZE [ﬁzyk‘ fe,k—l,m} = ZE [77/]%’ ]:e,k—l,m] + Y U?FI czwlrw c
k=1 k=1
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— 29T, St (nT) 1/22 Wiy 1, — Wi ) E [Tkthiy by, | Fek1.m)] - (SB.116)
k=1

By similar arguments as those used to derive (SA.35) in the proof of Lemma SA.4, Assumptions 1(i, ii,
iii) and 2(i), and the definition of F¢ y_1 ,,, we can show that

nT

STE [#| Feporm] = wip + Op((nT)™V/?). (SB.117)
k=1

Since 7Mgu, 1), = (nT)_l/Q(yuizk’tk(ctk — ) + Ui, 1€y t,, ), Dy Assumptions 1(i, ii, iii) and 2(i), we have

E [flkuikutk‘ f&k*l,m] - (nT) 1/2 (Ctk - C) (nT)_l/QE [uikutkgikutk‘ fe,k*Lm]

in—1
= (nT) " Pyon(cy, — &) + (n(n — 1)°T) 2> (v g o0 +1ir 1, 0u),
=1
which implies
nT
(nT)_1/2 Z(wik,tk - wik,')E [ﬁkuik,tk| fe,k—l,m]
k=1
nT ip—1
= VUsz,c + (n(n - 1)T)_1 Z Z (wik,tk - wlk,)( itk u+uz’ tko'u ’U)
k=1i'=1
n e
= ’yJZFw,C + (n(n—1)T)~! Z Z Wit — 12)1-,.)(aivi/7t+au,vui/7t). (SB.118)
t<T =2 i'=1

By similar arguments to those used in proving (SB.102), we can show that

n t—1

(n(n—1)T IZZZ Wi g — Wi ) (020 4+ Oy Uis ) = Op((nT)_1/2). (SB.119)

t<T i=2 ¢/=1

Combining the results from (SB.116), (SB.117), (SB.118) and (SB.119), we obtain

nT
S R [#24] Feporm] = 720062 = T 25 Tue) + (n— 1) Hono? + 02,) + Op((nT)~1/?).  (SB.120)
k=1

(SB.114). By Assumption 1(iii), (SB.115), and the Cauchy-Schwarz inequality

nT nT
Z E[ﬁg,kf{me,ﬂ > E}‘}_e,kfl,m] < e? ZE[ﬁi,k’fe,k*Lm]
k=1 k=1
nT nT
< K& (zEma,m,m] )23 i, wz-k,.>>4)
k=1 k=1
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nT nT
< et (SR ) ISl ) 1S~ ).
k=1 k=1

(SB.121)

By similar arguments as those used to derive (SA.36), (SA.37) and (SA.41) in the proof of Lemma SA .4,

we have
nT

> Elii| Fep—1,m) = Op((nT) 7). (SB.122)
k=1

By Assumption 2(iv) and Markov’s inequality,

nT

(nT)_2 Z ”wik,tk — Wiy,-

k=1

* = OP((nT)_l)a

which, together with (SB.97) and (SB.98), implies that

nT
100,50 Tl P(0T) 72 [wi gy, — @iy |[* = Op((nT)7H). (SB.123)
k=1

Combining the results from (SB.121), (SB.122) and (SB.123), we conclude that (SB.114) holds. m

Lemma SB.16 Under Assumptions 1 and 2, we have:

()Y Y e = on(l =T + Op((nT)~1/2).

t<T i<n
Proof. By the definition of 4. ;; and the expression for g; in (SB.108), we can write

A ~

Ueit = (Uit — ﬂi,-)—ii,t(ﬁe,w—ﬁ) — (wig — wi,-)TZ;lrw,u =TUe,it — (Wit — @i,-)Tﬁgwa (SB.124)
where ¢, = XA];IIA“w,u — (Be,iv_ﬁ)j‘ and e = (Ui — Ui )—(zip — Eiv.)(ﬁe,w—ﬁ). This implies

()Y > a2, = D) N il + by Suwde — 2001) Y 0 i iaw] . (SB.125)
t<T i<n

t<T i<n t<T i<n

Applying similar arguments to those used in the proof of Lemma SA.5 (replacing Bw with Be,iv and

Theorem 1 with Theorem 3), we can show that

(D) SN @2, = 021 - T + Op(nT) /). (SB.126)

t<T i<n

By Theorem 3, Lemma SB.12, (SB.98) and (SB.111), we can deduce that
[@ull = Op((nT)™/?)  and ¢, Eudu=0,((nT)™"). (SB.127)
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Similarly, we can show that

(nT)_l Z Z ae,i,tw;,rtg)w = f‘t—g,uéw - (Be,iv_ﬁ)f‘t—lr),xd;w = OP((nT)_l)

t<T i<n

The claim of the lemma now follows from (SB.125) to (SB.128). =

Lemma SB.17 Under Assumptions 1 and 2, we have:

()Y > 52 =462+ on(n— 1)+ Op((nT)1?)
t<T i<n

A

where 630 =62 - ffuvcz;lfwyc.
Proof. By the definition of Z;;, we begin by writing

()Y > 8

t<T i<n
2
=(T) 'Y (Zz',t =z, — (wig — 1%-)%)
t<T i<n
=(mT) 'Y (2 — 2%+ @ Sup — 20, b,
t<T i<n

By the definition of ¢, (SB.98), (SB.99) and (SB.110), we have

A

¢ =3, Tw: =755 Twe + Op((nT)72) = 0,(1),

which together with (SB.97) and (SB.98) implies that

@ S0wp =T, Bl e 4+ O, ((nT)~1/?).

w,c—w

Similarly, by (SB.97), (SB.98), (SB.110) and (SB.131),

Lo =710 3 T + Op((nT) 1%,

w,c—w

(SB.128)

(SB.129)

(SB.130)

(SB.131)

(SB.132)

(SB.133)

Combining the results from Lemma SA.6, (SB.130), (SB.132) and (SB.133), we establish the claim of the

lemma. m

Lemma SB.18 Under Assumptions 1 and 2, we have:

2

(D) DY (wig — i ) (wig — i) @ | = (1= T )ory’ Ty, 2y e + Op(T1?).

t<T \i<n
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Proof. The term on the left-hand side of (SB.134) can be expressed as:

2
() D (i — i) (wig — w5,) T
t<T \i<n

()Y O (i — ) (wig — wi,) T ¢)?

t<T i<n
n 1—1

nT -1 Z Z Z g bt Ull t — )(wm — ’lDi’t)T@(’wi/,t — wi/7.)T@.

t<T 1=2i'=1

We first analyze the double summation term on the right-hand side of (SB.135).

(SB.135)

k —k
Let wy'y and w;'y

denote the kth entries of w;; and w;, respectively. By Assumptions 1(i, iii) and 2(i, iv), we can show

that for any ki, ko < dy:

t<T i<n

)72 S [ud ] EBl(wf) — wf)?(wf — wl?)?)

t<T i<n

2
k _k k k

(nT)~! ZZ mlt - wif)(wi,i - wz‘f) ]

<

Using Assumptions 1(i, iii), we have

E[(@. - ool )] =E [ T2 (uf, —00) + 2T 2Zu”2u”/

t<T t'=1
T t—1

=74 Z E [(u?}t — 03)2] 44774 Z Z E[“?,t“?,t']

t<T t=2 /=1
T t—1
ST Y Eluf] +477*) 0 oy < KT 2.
t<T t=2 /=1

Combining this result with Assumptions 2(i, iv) leads to:

2
k _k k _k
(nT)"' Y (@ Y (wlt — w) (whz — wl2)
t<T i<n
2
(nT) QZE 2 ol )E Z(wﬁi—wﬁ?)(wﬁg—wﬁé)
i<n t<T
2
K(nT)) B [|T71 ) (wi} — @) (wi; —@2)
i<n t<T
2
o1y 58 oty bl ] < Koz
i<n t<T
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Next, observe that:

S wie 3w — 02 | (whi — wwls —al)

t<T v<T
k —k k —k
= Z(“?t - UZ)(wié —w; ) (wi; — w;?)
t<T
T t—1
YO wigu ((wf,; — o) (wfz — wf?) + Wk, — o) (wfz ~ wgf?)) . (SB.138)
t=2t'=1

By Assumptions 1(i, iii) and 2(i, iv), we have

2
k k k k
E D (uf —on)(wfy —oft) (w3 — o)
t<T
=Y E[(uf, — 00)?] E[(wi} — @*)*(wf? — @}?)?] < KT, (SB.139)
t<T
and
T t—1 2
E Z Z U g Ui 47 ((wl% — u_)fl)(wfi — wfz) + (wfi, — wfl)(wfi, — w52)>
t=2 t'=1
T t—1
k —k k —k k —k k —k
= Z E[uz tuz t’]EH(wz,}f wz 1)(wi,% - wz 2) + (U)Zé/ - wif)(“@';’ - wz 2)‘2]
t=2 t'=1
T t—1
<K> ) oy < KT (SB.140)
t=2 t'=1
Collecting the results from (SB.138), (SB.139) and (SB.140), we conclude
2
E Z Uit Z Uiy — o2 (wf“}5 - wfl)(wfi — wff) < KT? (SB.141)
t<T v<T
By Assumptions 1(i) and 2(i) and using (SB.141), we obtain
2
E||(nT)™ Y 0 (igtti. — opT 1) (whh — @} (w2 — w}?)
t<T i<n
2
= (T2 B 1Y (wie ) i — oy | (wij —ai)(wii — )| | < KnT*)™,
i<n t<T #<T

which, along with (SB.136), (SB.137) and Markov’s inequality, implies that for any ki, ko < d,,:

(D)7 YD ((wie = @) = (1= T~ No) (wi} — @) (wiy — ;%) = Op((nT)~1/?). (SB.142)

t<T i<n
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Therefore, combining this with (SB.131) and (SB.132), it follows that

(WT) S0 i — 14,2 = 01,) 9)? = (1= T 026 S+ 0y (nT) 1)

t<T i<n

= (1-T7Y02y T S T e + Op((nT) /%), (SB.143)

w,c—w

Next, we consider the triple summation term on the right-hand side of (SB.135). Some elementary

algebra yields:

n i1—1
Z Z Z wig — Ui,) (g — Uy ) (wiy — Wig) G(wy g — Wy ) @
t<T 1=2 i/=1
n i—1
= Z Z Z(Uz‘ﬂgui/’t — ui,tai’7- — ’17,2‘7.’(1,1'/7,5 -+ 'lj,ifﬂi/’.)(’ll)i,t — Tf)i7t)Tg5(wi/7t — QD,L‘/7.)TQ£A3. (SB144)
t<T i=2 i'=1

By Assumptions 1(i, iii) and 2(i, iv), we have

A 2
n i—1
} : k —k k —k
E : E :ui,tui/,t(wié - w@'f)(wi/?t - wi/?.)
t<T i=2 i'=1
n 1—1
-y 38 :E[ 2wl — @) (wh?, — a2 )? ] < Kn?T,
t<T 1=2 /=1
and
n i—1
_ k _k k —k
E E E ui gy, (Wi — w0 ) (Wi, — ;)
t<T i=2 i'=1
n 1—1
— k —k k —k
< E E E g uiytui/”(wi; —wif)(wi,?t—wi,?.)
t<T i=2 i'=1
1/2
n i—1 2 /
_ k k k _k
<> > D wigty (Wit — @) (wi?, — @)
t<T i=2 i'=1
n 1—1 1/2
= g E E { tu%, kl - u’;f?)Q(wf,Qt = wfﬁ%ﬂ < KnT'/2.
t<T \i=2 i'=1
Thus, by Markov’s inequality:
n i—1
-1 k1 k k —k —-1/2
(D)™ 0N (g — wigti ) (wly — 0 (wiE, — @)2) = Op(T7?). (SB.145)
t<T 1=2 i'=1
Similarly, we can show that
n 1—1
-1 - - k _k k _k —-1/2
§ E E (g, uir g — Uz‘;ui’,-)(wij - wi})(wi/?t - wi/?.) = Op<T / ),
t<T i=2 i'=1
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which, combined with (SB.131), (SB.144) and (SB.145) implies that

n i—1

TlT -1 Z Z Z 'LLZ Gt ’U,,L/ t— 'U,,L )(wz"t — TI)i7t)T¢(wi/7t — ’lf)ily‘)T(ﬁ = Op<T71/2). (SB146)

t<T 1=2i'=1

The claim of the lemma follows from (SB.135), (SB.143) and (SB.146). m

Lemma SB.19 Under Assumptions 1 and 2, we have:

(D) D e — ) (uae — 1) | | D (i — U, ) (wig — i) '

t<T \i<n i<n

= (1 =T Yo2ql] STy e 4 O, (T71/2). (SB.147)

w,c—w

Proof. Some elementary algebra yields:

nT ! Z Z Ct - C Uz7t - ﬂi,~) Z(Uiﬂ: - ﬂ@.)(wi,t — ﬂ)if)

t<T \i<n i<n
(nT) 122 ct — ¢)(uip — Uy )2(wzt w;,.)
t<T 1<n
1 Z Z Z<Ct — &) (wig — i) (ugr g — Ugr ) (wir ¢ — Wyr.). (SB.148)
t<T i<n i'#i

By Assumptions 1(i, ii, iii) and 2(i, iv), we can use similar arguments to those for proving (SB.142) to

show that

(nT)~" Z Z((uzt — ;)2 — (1 =T Yo} (¢ — &) (wis —w;.) = Op((nT) ™).

t<T i<n

Combining this with (SB.97), (SB.131) and (SB.132) leads to

(nT) 122 et — @) (uwig — i) (wiy — W) @

t<T i<n

= (1 =T oal ) p + Op((nT)7/%) = (1 = T Noin Ly, 23 T + Op(nT)71/7). (SB.149)

w,c—w

The triple summation on the right-hand side of (SB.148) can be written as

()Y (e — &) (wip — Wi ) (wir g — U ) (wir g — i)

t<T i<n i'#£i

n i—1

= (nT)~" Z Z Z(Ct — ) (wit — Ui, ) (wir g — Uy ) (Wir g — Wyr )

t<T i=2 /=1
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n —1

+ ()Y DTS (e — ) (g — T ) (wig — Ui, ) (wig — ;). (SB.150)

t<T i=2 i/=1

Using similar arguments to those used for proving (SB.146), we can show that

n i—1
D) IS e = ) uig — ) (i g — ) (wirg — w) @ = Oy (T7Y?),

t<T i=2 i'=1

and -
D)3 N TS e = @) uirg — i) (uig — ) (wiy — @) @ = Op(T72),

t<T i=2 i'=1

which, together with (SB.131) and (SB.150), implies that

(D)7 YD (e — ) uig — s, ) (i — i) (winy — W) ' p = Op(T72). (SB.151)

t<T i<n i'<n

The claim of the lemma follows from (SB.148), (SB.149) and (SB.151) shows the claim of the lemma. =

Lemma SB.20 Under Assumptions 1 and 2, we have:

(nT)*l Z Z(ui’t — ﬂi7.)(wz‘7t — wi,-) Z gir | = Op(Tfl/Q)'

t<T \i<n i<n

Proof. Without loss of generality, we assume that w; ; is a scalar throughout the proof of this lemma.

If w; is a vector, the proof can be applied componentwise. We begin the proof by writing:

D) Y (g — ) (wig — i) | (D i

t<T \i<n i<n
= (TLT)_l Z Z Z(wu — wi,-)ui,teiﬂt — (nT)_l Z Z Z(wm — U_]i,-)ai,-ei’yt-
t<T i<n i/<n t<T i<n i'<n

Applying similar arguments to those used for proving Lemma SA.7(ii) with ¢; — ¢ replaced by w; ¢ — w;,.,

we can show that under Assumptions 1(i, iii) and 2(i),

D) SN S (wig — @i Yuigeny = Op((nT) ).

t<T i<n i'<n

Therefore, the claim of the lemma follows if

(nT)! Z Z Z(wi,t — Wi, )i €0y = Op((nT)~1/2). (SB.152)

t<T i<n i'<n
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To demonstrate the result in (SB.152), we first decompose the triple summation term on its left-hand
side as follows

SN wig —wi i ere =YY (wip — W) £y

t<T i<n i'<n t<T i<n
n 1—1
+ Z Z Z(ﬁi;(’wi’t - ’LT)L.)Eﬂ)t + ﬂi/,(wi/’t — ’Lf)i/’.)ff@t). (SB153)
t<T i=2 i'=1
The first term on the right-hand side can be further decomposed as:

SN (wig =i )iy =T Y eip(wig — ;)i

t<T i<n t<T i<n
T t-1

FTY N (e (Wi — Wi Juig + i (wig — Wi Jup). (SB.154)

i<n t=2t'=1
Using similar arguments as those employed in deriving (SA.61) with ¢; — ¢ replaced by w;; — w; ., we can

show that under Assumptions 1(i, iii) and 2(i),

nT2 ZZ Wit — W )UitEit = Op((nTg)_l/Q). (SB.155)

t<T i1<n

For any iy > i; and any ¢, # t}, for k = 1,2, we have
Eles, 0 (Wi ¢, — Wiy, )iy 41 €ig 11, (Wi 1, — Wi, ) Ui ]
= E[(w;, ¢ — Wiy, ) (Wi 4 — Wiy )E[Es, 41 Wi 11 €4y 11 Wi 1]
= E[(wil,t’l - U_)il,-)(wiz,t’Q - wiQ,-)]E[eil,t’luil,heiz,t’z]E[uiQ,tQ] =0,

where the first equality is by Assumption 2(i), and the subsequent equalities follow from Assumptions

1(i, iii) and 2(iv). Therefore,

T t—1 T 2
SN eiw(wip - wi,-)ui if | =D_E Z Uit Z Eipr (Wi — Wi,.)
i<n t=2t'=1 i<n t'=1
T t-1
=KY > > El(wiy — @)’ |E[ef y)E[u]
i<n t=2 ¢'=1
T t—1
D72y > ) (i-1) < KT
t=2 /=1 i<n

which together with Markov’s inequality shows that

T t—1

(nT?) ™Y DY v (wiy — i Juig = Op((nT) 7). (SB.156)

i<n t=2t'=1
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Similarly,

2 2
T t-1 T-1 T
E E E E git(Wip — Wi )uip| | = E E E g Wi € (Wi y — W)
i<n t=2 /=1 i<n t=1 t'=t+1
T-1 T

=33 3" El(wiy — @)Y B[, )Eu)]

Thus, by Markov’s inequality

T t—-1

(T*) Y N > ei(wiy — i Jug e = Op((nT) 7).

i<n t=2 /=1
Combining this with (SB.154), (SB.155) and (SB.156) yields:
(nT) 'Y eii(wiy — @i ), = Op((nT) 7). (SB.157)
t<T i<n

Next, we examine the second term after the equality in (SB.153), which can be decomposed as

n 1—1
D> D (i (wiy =i ey e + i (wi g — By )ei)
t<T i=2 i'=1
n i—1
=7! Z Z Z((wi,t — W)U € ¢ + (Wir g — Wit ) Uit 1€4t)
t<T i=2 i/ =1

T t—1 n i—1

FTTY DD D (wialwig = @ )i + i (wig = 01 )en)
t=2 /=1 1i=2 i'=1
T t-1 n i-1

+ T_l Z Z Z Z(ui/,t(wi/’t/ — U_Jil’,)&"i,t/ + Uyt (wi’,t — 'U_)z",-)gi,t)- (SB158)

t=2 t'=1i=2 i'=1
Using similar arguments as those used to derive (SA.67) with ¢; — ¢ replaced by w;+ — w; ., we can show

that

(nT?)~! (Wi — @, Yuigeir t + (Wir g — Wyr Jugn 42i4) = Op((T)7H2). (SB.159)
t<T i=2 i'=1

For any iy > iy, any i) < iy, any t;, and ) for k = 1,2, we have

Elugy (Wi ¢ — Wiy, )Eir 41 Wit (Wi 1, — Wig )€t 11]
= E[(wy, 4 — Wiy, ) (Wiy 1y, — Wig, )| E[es 11 Wiy 11 €t 1 Wi 1]

= E[(wi, 1 — @i, ) (Wi, 1, — Wiy, B[ g1 iy 0, €1 1 [Bwig 1] = 0, (SB.160)
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where the first equality is by Assumption 2(i), and the subsequent equalities follow from Assumptions

1(i, iil) and 2(iv). Additionally, for any to > ¢;, and for any %), < ¢ and t}, < t;, for k = 1,2, we have

Efuwi by (i — Wi )€ 1 Wity (W g — Wi ) 11]

= E[(w;y — wi,.)(wi g, — Wi, )]E[eg v wizi € g Eluig] = 0. (SB.161)

By (SB.160) and (SB.161), we have

n T t—-1i-1 2 n T t—1 i-1 2
_ 2 _
E E E Ui,t(wi,t’ - wi,-)gi’,t/ = E E Us ¢ Wi g — Wy, )€ ¢!
i=2 t=2 ¢/=14'=1 i=2 t=2 t'=14¢=1
n T t—1 2
= ai E E E Wi g — (. E €l 1/
=2 t=2 t'=1 =1
T t—1 n 2
=02 > > El(wiy —wi) Z ey
t=2 t/'=1 i=2

T t—1 n i—1
SKn-1)72) >3 M ('—1) < KnT?  (SB.162)
t=2t'=11=21i=1

where the second, the third, and the fourth equalities are by Assumptions 1(i) and 2(i), and the first
inequality follows from Assumptions 1(i, iii) and 2(iv). Thus, by Markov’s inequality

T t—1 n i—1

(TSNS i (wip — W ey = Op(nT?)71/2). (SB.163)

t=2t'=11=2i'=1

For any tp > t1, and for any ¢ < i and t} < t; for k = 1,2, we have

Elug g (Wi, — Wi )€i1 4, Ui, (Wity, — Wi )Eqy 1]
= E[(wit, — Wi, ) (wit, — Wi, )Ew €41 1,05 11 1,]

= E[(wit, — i, )(wig, — wi,.)|Efu; y 1€t Wit ]E[E 2] = 0, (SB.164)

where the first equality is by Assumption 2(i), and the subsequent equalities follow from Assumptions

1(i, iii) and 2(iv). By (SB.160) and (SB.164), and using similar arguments as those for deriving (SB.162),

we obtain:
T t—1 n i-1 2 n T i1 t—1 2
E E E § E wip(Wip — Wi )eiry| | = E E |(wi; — w;,.) Ui €t 4
t=2t'=11i=2 =1 =2 t=2 '=1t'=1
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n T t—1 i—1

= g E[(wz,t w; ) ]E § Us ¢/ § Eirt
=2 t=2 t'=1 i'=1
n i—1 t—1

I
B
M|

g
=
B

g
=
=
=
0

=2 t=2t'=14= 1

Thus, by Markov’s inequality

T 4
(nT?)~'> " (wit (Wi — Wi )eir g + Ui (wi g — Wi )ew 1) = Op((NT?)~H2). (SB.165)
For any ty > t1, any t}, < tx, any i and ¢} for k = 1,2, we have

E[ui’l,tl( it wi’1,~)€i1,t’1ui’2,t2( Loty — Wi )Ez‘g,td

= Ef(wy . — oy ) (wiy 4y — Wiy JE[ugs ¢, €5 1 €4, 1 [Blugg 1,] = 0, (SB.166)

where the first equality follows from Assumptions 1(i, iii) and 2(iv). Additionally, for any i > i1, and

for any ¢, <t and 4, < i), for k = 1,2, we have

E[Uz’pt( T Wi )5z‘1,t’lui’2,t(wz’2,t’2 — Wy, . )5i2,t’2]

= El(wy; 4y — g )(w Wit 4, — Wiy . )JE[u Uil €41t uZ27t]]E[€i2,t/2] = 0. (SB.167)

1t e

By (SB.166) and (SB.167),

T t—1 n i-1 2 T n 2
E § § u'L’,t Wiy — Wy )51 t = § E § Uyt § Wy ¢ — 5z N
t=2t'=11i=21i'=1 t=2 i= i'=1 t'=1
n T i—1 t—1 2
= Z Z Efuy ,|JE Z(wi’,t’ — Wy )& 11
1=2 t=2 ¢/=1 t'=1
n i—1 t—1

wi’,~)2]E[5?,t’]

Il
e
g
=
E
&
g

T —
<Kn-12>>" (i’ —1) < KnT?,
=2 t=2t'=14=1



which, together with Markov’s inequality, shows that

T t—1 n i—1

TSNS wpi(wiry — oy )eip = Op(nT?) 7). (SB.168)

t=2¢'=11=2 =1

For any ty > t1, any iy and 4}, any tj <t for k = 1,2, we have

Elug o (wir 4, — Wig )it Uity 11 (Wit 1, — Wit )Ein o]

= E(wir ¢, — Wiy, ) (Wig 1, — Wiy )E[wgr 1 €0y 1 0ir 11 ]E[€4,,8,] = 0, (SB.169)

where the first equality follows from Assumptions 1(i, iii) and 2(iv). Additionally for any i > i1, and for

any ¢, <t and i) < iy for k = 1,2, we have

Elug 1 (wyr ¢ — Wy )eiy gy v (Wig ¢ — Wiy )iy 1]

= E[(wy; 1 — 0y ) (wiy ¢ — 0, )| Elug &y wiy o |BlEi 1] = 0. (SB.170)

By (SB.169) and (SB.170),

T t—1 n i-1 2 T n i—1 t—1 2
E Z Z Z (157R% (”u)z-/,t — TDZ'/,.)EZ‘J = Z E 812’1‘/ Z (158 ’U)Z/ t— W;r )
t=2t'=11=214=1 t=2 i=2 i'=1t'=1
T n i—1 t—1 2
= E E Zzuz’t’ wz’t_wz )
t=2 =2 i'=1t'=1

Il
g
]
]
=
f’mw
=
=
=
5
X
£

Thus, by Markov’s inequality

which along with (SB.168) shows that

T t—1 n -1

(T Y T (g a(wiry — @i eig + u g (wi g — Wi Jeiy) = Op((nT?)1?). (SB.1TL)

t=2 t'=1i=2 i'=1
Collecting the results from (SB.158), (SB.159), (SB.165) and (SB.171) leads to

n 1—1

TN (@ (wig — Wi )eir g A T (win g — By )ei) = Op((nT)~?), (SB.172)

t<T i=2 i'=1

The desired result in (SB.152) follows from (SB.153), (SB.157) and (SB.172). m
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Lemma SB.21 Under Assumptions 1 and 2, we have:

2
(1)) (Z(V(Ui,t — i )(e =)+ 6i,t)) =7ou6r + (n— 1) Nonoy +oy,,) + Op(T72).

t<T \i<n
Proof. By Assumptions 1(i, ii, iii), we have
2

E [T (=02 ui| | <T 2D El(e— )] Elu?] <nlT7,

t<T i<n t<T i<n
which, together with (SA.87) in the proof of Lemma SA.9 and Markov’s inequality, shows that
aT ™) (e =) uig = 0p(T71). (SB.173)
t<T i<n
Combining this with Lemma SA.10, (SA.91) in the proof of Lemma SA.11, and (29) in the proof of

Lemma 2, we obtain

2 2
D)) (e =)D (i =) | =@I) Y | (=) wig | =207 (e — 87> wig
t<T i<n t<T i<n t<T i<n
2
+ (D) (=) wi. | =062+ 0,(T71/?). (SB.174)
t<T i<n

By Lemma SA.7(ii) and (SA.86) in the proof of Lemma SA.9,

(nT)~* Z(ct —C) Z(u” — U;.) Z gir | = (nT)™? Z(Ct —C) Z Uit Z&‘,t

t<T i<n i<n t<T i<n i<n
—aT ™Y (=) Y eie = Op((nT) 71/, (SB.175)
t<T i<n

Since

2
(nT)™" (Z(v(uz’,t — i )(e =)+ 6i,t))

t<T \i<n
2 2
=2(nT)7! Z (¢t — ) Z(um — ) | + 1) Z Z Eit
t<T i<n t<T \i<n
+2y(nT) ™ Z(Ct —0) Z(Ui,t — U, Z git |
t<T i<n i<n

the claim of the lemma follows from Lemma SA.7(i), (SB.174) and (SB.175). m
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Lemma SB.22 Under Assumptions 1 and 2, we have:

2
(D)™ D S (wig — 1) (Ve — &) = (wiy — i)' @) + i)
t<T \i<n
=7%00(62 = (1= T Ty 20 Twe) + (n = 1) Nokor + 02,) + Op(T1/?). (SB.176)

Proof. The term on the left-hand side of the equality in (SB.176) can be expressed as

2
()™ D (i — i) (Ve — ) = (wip — wi,) ) + €i4)
t<T \i<n
2 2
= (D) D (v(uig =) e =) +ein) | A D) D (i — ) (wig — i) TR
t<T \i<n t<T \i<n

—2(nT)~! Z Z(’Y(ui,t — ;. )(ct — €) + i) Z(ui,t — ;) (wig — ;) TP

t<T \i<n i<n

Therefore, by Lemmas SB.18, SB.19 and SB.20, and using (SB.131), we obtain

2
()™ D (i — i) (v(er — @) = (wip — w;,) ") + &)
t<T \i<n
2
=(T) "D D (v(uig = W) (e =) +eir) | —APon(l =T Oy 2y Tue + Op(T71?),
t<T \1<n

which, combined with Lemma SB.21, establishes the claim of the lemma. m

Lemma SB.23 Under Assumptions 1 and 2, we have

2

(D) D e (Zi,t = Zi, — (wiz — @i,-)%)

t<T \i<n

S icn (i — @i ) (Y(er =€) = (wip — wi) T @) + i)
=) Y | —v(er — &) (Beiw — B) Sien(Vlee =) = (wip —wi ) ') | + Op((nT)~1/2).
t<T - ~ ~ ~ A
=Y icn Pop (Wi — Wi ) (Y(er — ) — (wiy — ;) @)
Proof. Applying the expression for z;; in (3), the expression for z; ; —Z; . in (SA.1) and the expression
for @i+ in (SB.124), we can express

Z Ue g t (Zi,t —Zi. — (wig — @i,-)T¢)

i<n
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N -1 T ~
:E Ueit | (n—1) § Tirp — — (Wit —w;.) @

i<n i/
= Z((ui,t — ;.. (Y(cr — ©) — (wig — w;,.) ") +€it) — (Bew — B)7*nlcy — €)?
i<n
— et =)D by(wip — W) + (et — &) (Beyv — B) Y _(wig — ;) ¢
i<n 1<n
+ by Z(wi,t — ;) (wig — 03,) "¢+ Ty + (Besiv — B) Iz — Toy) — by lay, (SB.177)
i<n

where ¢, = ﬁlglfw’u - (Be’w—ﬁ)jx, I+ and I, are defined in (SA.71) and (SA.72) respectively. Addi-
tionally,
I3y = Z(vi’t — U ) (Wit — u_)z',.)Tgb and Iyt =(n—1)" Z Z Wit — W) W,t — T)i/’.) .
i<n 1<n i'#1
By Assumption 1(iii) and Theorem 3, we have
. 2
(nT) Y ((58@ — B)y*nlc — a)2> = 0,(T7Y). (SB.178)
t<T
By Assumptions 1(iii) and 2(iv), and applying Markov’s inequality,
ST S (6 — 0wy — w12 = Op(1). (SB.179)
t<T i<n

Therefore,

2
(D)7 (e =) [ D du(wie — i) | < bl PT71Y (e —2)* Y llwie — @il = Op(T7),
t<T i<n t<T i<n

(SB.180)
where the first inequality follows from the Cauchy-Schwarz inequality, and the equality is due to (SB.127)
and (SB.179). Similarly, we can show that due to (SB.131)

2
(Beiw — B)*(nT) 12 (ax—¢ Z wiy—w;) @ | =0,(T7h). (SB.181)
t<T i<n
Applying the Cauchy-Schwarz inequality,
2
. 2
()Y D b (wie —wi ) (wig —wi) '@ | <T > ( (Wi — Wi, ) (Wi — @z‘,-)Tﬁ)
t<T \i<n t<T i<n
13 . _ 4
<T bl PRI YD llwiy — @y, |
t<T i<n
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= 0,(T™), (SB.182)

where the last equality is due to Assumption 2(iv), (SB.127) and (SB.131). Therefore, considering Lemma

SB.22, (SB.177), (SB.178), (SB.180), (SB.181) and (SB.182), the claim of the lemma follows if
DA Beiv = B Y 3y + 13, + D (duag)® = Op(1). (SB.183)
t<T t<T t<T

By similar arguments to those used in proving Lemma SB.18, we can show that

2

(nT) > 13, =0T D (i — i) (wig — i) TR

t<T t<T \i<n

= (1 =T Y2 3ol + 0 (T72) = 0,(1),

w,c—w

where the last equality follows from (SB.97) and (SB.99). Combining this with Theorem 3, we have

Be w Zlgt - (SB184)

t<T
By Theorem 3 and the same arguments as those used for deriving (SA.78),
S I+ Beaw — B2 I3, = 0y(1). (SB.185)
t<T t<T
Considering (SB.184) and (SB.185), the desired result in (SB.183) follows if
D (dIae)® = Op(1). (SB.186)
t<T
To show (SB.186), we begin by writing
¢wl4t = TL — 1 Z Z ¢w Wit — wz (Ui’,t — 'Ui’,')

i<n i'#i

n —1

(n—1) -1 Z Z wzt ) (Uz",t — 1_)1'/7.) + ¢I(wi1’t — 11_11'/7.) ('Uz',t — 1_)2‘7.)). (SB.187)

=2 i'=1

Therefore, by the Cauchy-Schwarz inequality,

n i—1 2
> (b Ian)? < 2lbulPD (0= )T (wig — i) (viy — By,
t<T t<T =2 i'=1
n i1 2
+ 20wl P (=)0 (wiry — @) (vig — m,.)‘ (SB.188)
t<T =2 i'=1
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For any k =1,...,dy, by the Cauchy-Schwarz inequality and Assumptions 1(i, iii) and 2(i, iv), we have

n i—1 2 nel n 2
S [S0 St )| | = [ e ) 37 bt
t<T |i=2 i'=1 t<T i=1 i=it+1
n 2
S SR |- 0?| 3 (b —ah)
t<T i=1 i'=it1
n
< KZZE (n—i) Y (wh,— w{.‘i?_)Q] < Kn’T,
t<T i=1 i'=i+1
which, together with Markov’s inequality, implies that
n 1—1 2

D=1 0> (wh (virg — )| = Op(nT). (SB.189)

t<T i=2i'=1
Similarly, we can show that

n 1—1 2

Z n—1)"1 Z Z wh t w?, ) (vig — ;)| = Op(nT).

t<T 1=2 /=1
Combining this with (SB.127), (SB.188) and (SB.189) establishes (SB.186). m
Lemma SB.24 Suppose that Assumptions 1 and 2 hold. If T — oo as m — 0o, then

2
(nT)~* Z Zﬂeﬂ-’t (zi,t —Zi. — (wi — QDL.)Tgb) —p V20202 4 (e — 1) Ho202 + o2 )

t<T \i<n
Proof. By (SB.178), (SB.180), (SB.181) and (SB.182), and applying Lemmas SB.22 and SB.23, we

have
2

NS s | (0= )T (e — Fo) — (wig —w5,) @

t<T \i<n il

=767 — (1 =T I 25 Twe) + (n = )7 (on0) + 0,) + Op(T7?),

w,c—w
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